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Abstract
In most approaches to fundamental physics, spacetime symmetries are postulated a priori
and then explicitly implemented in the theory. This includes Lorentz covariance in quantum
field theory and diffeomorphism invariance in quantum gravity, which are seen as fundamen-
tal principles to which the final theory has to be adjusted. In this paper, we suggest, within
a much simpler setting, that this kind of reasoning can actually be reversed, by taking an
operational approach inspired by quantum information theory. We consider observers in dis-
tinct laboratories, with local physics described by the laws of abstract quantum theory, and
without presupposing a particular spacetime structure. We ask what information-theoretic
effort the observers have to spend to synchronize their descriptions of local physics. If there
are “enough” observables that can be measured universally on several different quantum sys-
tems, we show that the observers’ descriptions are related by an element of the orthochronous
Lorentz group O+(3, 1), together with a global scaling factor. Not only does this operational
approach predict the Lorentz transformations, but it also accurately describes the behavior
of relativistic Stern-Gerlach devices in the WKB approximation, and it correctly predicts
that quantum systems carry Lorentz group representations of different spin. This result thus
hints at a novel information-theoretic perspective on spacetime.
1 Introduction
Spacetime symmetries are powerful principles guiding the construction of physical theories.
Their predictive power comes from the constraints that arise from demanding that the funda-
mental physical laws are invariant under those symmetries. A paradigmatic example is given by
quantum field theory [9], where Lorentz covariance severely constrains the physically possible
quantum fields and successfully predicts the different types of particles that we find in nature.
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Similarly, diffeomorphism invariance guides our attempts to construct a quantum theory of
gravity [10–15].
However, diffeomorphism invariance in particular reminds us of an important insight that
played a fundamental role in the construction of general relativity: that spacetime has a fun-
damentally operational basis and that no external non-dynamical ‘background’ exists on which
physics takes place. Physical objects and systems can only be localized and referred to in re-
lation to one another and not with respect to an extrinsic reference [10–12]. The description
of spacetime in terms of a metric field can be derived from the equivalence principle, which is
obtained as a statement about what an observer in a free-falling elevator can or cannot get to
know by performing measurements. Spacetime symmetries, like the Lorentz transformations in
special relativity, can be interpreted as “dictionaries” that translate among distinct descriptions
of the same physics given by different observers. These transformations constitute the relations
among observers, and many of their properties can be understood by analyzing operational tasks
like clock synchronization.
All these operational protocols must be performed within the laws and limits of quantum
physics. Thus, it is natural to take an “inside point of view” on spacetime – and physics in
general –, giving primacy to relations among observers rather than spacetime itself. Furthermore,
it suggests to ask the fundamental question how different descriptions of the same physics by
different observers are related, if we only assume the validity of quantum theory. One might
expect – or at least hope – that the spacetime symmetry group does not have to be postulated
externally, but instead emerges from the structure of physical objects themselves, that is, from
the structure of quantum theory.
This general idea is not new, but has been pursued in several ways during the last decades.
In his “ur theory”, von Weizsa¨cker [32] argued that the spatial symmetries are inherited from
the SU(2) symmetry of the quantum two-level system. Wootters [42,43] pointed out the relation
between distinguishability of quantum states and spatial geometry, and several authors [30, 31,
44, 45] have analyzed aspects of the relation between properties of space and the structure of
quantum theory. This research has substantial overlap with questions in quantum information
theory regarding the use of quantum states as resources for reference frame agreement [1, 46].
In this paper, we approach this old question from a new angle by using the ideas and rigorous
vocabulary of (quantum) information theory, paired with a sometimes underappreciated insight
from gravitational physics, namely that much of spacetime structure is encoded in the com-
munication relations among all observers contained in it. Indeed, the communication relations
encode the causal structure which, in turn, (under mild conditions) determines the spacetime
geometry – up to the conformal structure [16, 17]. One might even identify spacetime with
the set of all communication relations among all observers. Can we thus read out spacetime
properties from elementary considerations on information communication? Rather than imme-
diately attempting to derive the geometry, as a first step, we shall focus on one of the most basic
ingredients underlying a spacetime picture, namely on reference frames and how to obtain the
transformations among them from observer communication relations.
To this end, we consider an information-theoretic scenario involving two agents, Alice and
Bob, each with their own description of physics, who cooperate to solve a simple communi-
cation task. The task is that Alice sends a request to Bob in terms of classical information,
and Bob is supposed to answer by sending the concrete physical object that was described by
Alice’s message. Then we ask for the smallest possible group of transformations that Alice has
to apply to her request to make sure the task succeeds. We argue that this gives an operational
definition of the relation between reference frames. This yields an abstract and purely informa-
tional derivation of the reference frame transformations which does not rely on any externally
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given spatial or spacetime symmetries. We neither presuppose any specific spacetime or causal
structure that Alice and Bob are ‘immersed’ in, nor do we assume a Lorentzian or Euclidean
signature and neither a specific dimension. Nevertheless, we shall argue that these reference
frame transformations must be ultimately related to the local spacetime isometry group.
After proving some general properties of this scenario in Section 2, we consider in Section 3
the special case that the objects to transmit are stand-alone finite-dimensional quantum states.
Under the hypothesis that many different sorts of quantum systems can be measured in the
same “universal” devices, we show that the resulting transformation group, relating Alice’s
and Bob’s reference frames, will be the orthogonal group O(3). This confirms von Weizsa¨cker’s
intuition [32], but puts it on firm operational grounds, by specifying detailed physical background
assumptions that are sufficient (and probably necessary) to arrive at this conclusion, and by
pointing out how these assumptions are realized in actual physics. Furthermore, we also derive
the fact that quantum systems carry projective representations of SO(3) of different spin.
In Section 4, we argue that the previous derivation contained one crucial oversimplification:
namely that the outcomes of measurements (that is, the eigenvalues of observables) are sim-
ply abstract labels without physical meaning. Dropping this assumption, and considering the
possibility that the outcomes are actual physical quantities, leads us to consider different types
of quantum systems. Analyzing the communication task in this more general setting, it turns
out that Alice’s and Bob’s descriptions will be related by a Lorentz transformation, an element
of O+(3, 1). These transformations act as isometries among different finite-dimensional Hilbert
spaces.
Thus, we arrive at the Lorentz group, without having assumed any aspects of special relativity
in the first place. Furthermore, the resulting formalism turns out to correctly describe the
behavior of relativistic Stern-Gerlach measurement devices, under a WKB approximation where
the spin degree of freedom does not mix with the momentum of the particle. This provides
further evidence for a spacetime interpretation of this abstractly derived Lorentz group.
In this article, we therefore reverse the standard point of view: instead of postulating a sym-
metry group and working out its physical or information-theoretic consequences (as is usually
done e.g. in quantum field theory or the theory of quantum reference frames [1, 46]), we start
with natural information-theoretic and physical assumptions and derive the symmetry group
from them. The motivation is to develop a novel information-theoretic understanding of space-
time structure, beginning here with an informational perspective on reference frames and their
relations.
2 Two agents who have never met: an operational account of
reference frames
Reference frames are usually introduced in theoretical physics in situations where there is some
geometric structure which can be described in different coordinate systems. The fact that these
different descriptions are relevant has however an operational interpretation: different observers
(agents, or physicists) will in general use different descriptions for the same physical property,
as long as they have not agreed on a method of description beforehand. The origin of this
disagreement may be physical or simply the use of distinct conventions by different observers.
In the following, we will emphasize this operational point of view by taking an approach that
is well-known from information theory: we describe a scenario involving two parties, traditionally
called Alice and Bob, who cooperate to solve a certain communication task. What is to be
communicated in our case, however, will not be classical information, but different kinds of
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physical objects. The case where the physical objects in question are abstract quantum states,
carrying some group representation for which Alice and Bob may not share a common frame
of reference, is a standard scenario in quantum information theory, cf. [1,46] and the references
therein. A standard question asked there is, for example, how many asymmetric quantum states
are needed to serve as a replacement of a classical reference frame. This usually presupposes the
classical symmetry group which is to translate among distinct quantum reference frames. That
is, the quantum reference frames have to be adjusted to the assumed classical symmetry group.
However, this perspective is conceptually not fully satisfactory because the classical world
emerges from a quantum one, rather than the other way around. In a fundamentally quantum
world, we better reverse the perspective and derive the appropriate classical symmetry group
from quantum structures. That is, we ought to be able to explain the quantum origin of the
classical symmetry group, rather than assuming the latter and adjusting the quantum theory to
it. This shall be the goal of the present manuscript.
Our approach is therefore substantially different from the literature on quantum reference
frames in that it asks a distinct kind of question: given some sort of physical objects (for
example, quantum systems), what is the smallest possible transformation group that translates
between Alice’s and Bob’s descriptions, given that they both cooperate and use all available
physical structure? That is, we are not assuming any externally given group that acts on the
objects, but instead ask for the group that emerges from the structure of the physical objects
themselves.
Consider an observer – Alice – who has access to a certain property of a physical system
(in the sense that she can measure it), and who tries to describe this property in mathematical
terms. Denote by Sphys all the values (or states, or configurations) that this physical property
can possibly attain; then Alice is looking for a map ϕA : Sphys → S, where S is the set of
mathematical objects that she uses to describe the physical property.
As a simple example, suppose that Alice lives in three-dimensional Euclidean space of clas-
sical physics, and would like to describe the velocity of a billiard ball at a given time. She can
determine the velocity by a measurement, and read off a description of the velocity from a scale
on her measurement device. In this case, Sphys denotes the set of all possible physical velocities,
and S equals R3, the set of vectors with three real numbers as entries.
Different observers may (and will) in general use different maps to encode physics into
mathematical descriptions; if we have another observer, Bob, then he may use his own map
ϕB, with ϕB 6= ϕA. Given a fixed physical property x ∈ Sphys, Alice’s description will be
ϕA(x), while Bob’s description will be ϕB(x). There are many different possible reasons for
this. One possible reason is that Alice and Bob are using different kinds of measurement devices
to determine the physical property, for example differing in the choice of units or orientation.
Ideally, we would like to postulate that ϕA, ϕB : Sphys → S are one-to-one and onto (that
is, bijective), at least in principle. In this case, the map ϕA ◦ ϕ−1B is well-defined, and yields
Alice’s description in terms of Bob’s. Similarly, T := ϕB ◦ϕ−1A computes Bob’s description from
Alice’s. These are maps from S to S (assuming that both observers use the same mathematical
objects to encode the physical property), and they are bijective because ϕA and ϕB are. They
are elements of the group of bijections of S into itself, and they play a natural role in a simple
communication task involving Alice and Bob which is depicted in Figure 1.
The scenario assumes that Alice is able to send classical information to Bob (as a colorful
illustration, we may think of Alice and Bob being able to talk on the telephone). In the first
step of the game, Alice sends Bob a “classical request”, telling him to prepare a certain physical
system. In the second step, Bob answers this request by sending an actual instance of the
requested physical system with the desired property.
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Figure 1: The communication task. Alice requests a physical object by sending a classical description,
and Bob answers by sending the corresponding physical system in the desired state. If Alice and Bob use
different maps ϕA and ϕB to describe physical objects, a correcting transformation T must be applied
to Alice’s message before it arrives at Bob’s laboratory. This T is seen as the “information gap” between
Alice and Bob; agreeing on T corresponds to agreeing on a common frame of reference with regards to
the desired physical object.
Clearly, if Alice and Bob have never met before, and thus have never agreed on a shared
reference frame, Bob will not know what map ϕA Alice is using to describe the desired physical
quantity. The best he can do is to guess ϕA – or, equivalently, hope for the unlikely fact that
ϕA = ϕB – and send a physical system x such that ϕB(x) equals the description that Alice
sent. If Alice checks whether she received the desired physical object, she will in general detect
failure, except for the unlikely case that ϕA = ϕB.
To correct for this problem, Alice can apply a correcting transformation T before the classical
information is actually sent to Bob. It is easy to see that the protocol succeeds if Alice applies
T = ϕB ◦ ϕ−1A to the classical description she sends out – the problem is, of course, that Alice
may not know ϕB and thus does not know T . However, if she knows ϕB, she can make the
protocol succeed even if Bob does not know ϕA. Regardless of whether Alice knows ϕB or not,
we may regard T as the relation between Alice’s and Bob’s local descriptions. Not knowing
T may be regarded as an “information gap” between them; closing the information gap, i.e.
negotiating on a map T , corresponds to setting up a common frame of reference (regarding the
physical property that is intended to be sent).
Sometimes, instead of preprocessing her classical description via the map T = ϕB◦ϕ−1A , Alice
may equivalently postprocess the physical system that she obtains by applying the physical
transformation Tphys : Sphys → Sphys, given by Tphys := ϕ−1A ◦ ϕB, cf. Figure 2. If this is
possible, we call T implementable. Note that T and Tphys are different kinds of maps: T is a
transformation on classical descriptions, and thus something that can always be accomplished
by doing computations on representations on a piece of paper (or in a computer memory). The
map Tphys, in contrast, is an actual physical transformation; in many cases, physics may disallow
the actual implementation of Tphys. We will soon discuss an example below.
A B
physical answer
request (description)
  
Figure 2: Sometimes, instead of preprocessing the classical request via T , Alice may equivalently post-
process the physical answer via Tphys. In this case, we call T implementable.
If there were no further restrictions on the maps ϕA, ϕB, then the coordinate transformation
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functions T = ϕB ◦ ϕ−1A could exhaust all possible bijective maps from S to itself. However, in
many cases, it is physically impossible to actually use every map ϕ as a description map, in the
sense that ϕ(x) may be physically impossible to determine, given the physical object x. This is
the case when there are physical restrictions on the possible measurement devices that agents
may access or implement. As a simple example, if we have again Alice in three-dimensional
classical mechanics, then only continuous maps ϕA will be physically relevant, simply because
of the possible measurement procedures that Alice may implement: she can build devices that
measure velocity to arbitrary accuracy, but never to perfect accuracy. But then, the coordinate
transformation maps T = ϕA ◦ ϕ−1B (and T−1 = ϕB ◦ ϕ−1A ) must be continuous, too. In general,
we obtain a group Gmax of physically meaningful transformations,
Gmax = {T : S → S | T transforms between physically accessible/allowed descriptions} .
In the example of classical physics and billiard ball velocity, this would be the group of home-
omorphisms of R3 into itself. In general, one would expect that Gmax is the subgroup of all
bijections that preserve some key physical structure (which, in this example, is the topology).
Now recall the scenario from Figure 1. Suppose that Alice and Bob are both cooperative
and would like to agree on a transformation T in order to succeed with the communication
task, and do so with as little effort as possible. For this, they are willing to adjust their own
local descriptions as long as it facilitates their effort to find the relation between their respective
descriptions of the observed system. Then one way to reduce the effort is to stop using arbitrary
possible encodings ϕA and ϕB, and to draw instead from a physically distinguished subset of
encodings.
Definition 2.1. A subgroup G ⊂ Gmax is called achievable if there is a subset of “distinguished
encodings” Φ such that every observer can locally ensure by physical means that she is using a
distinguished encoding ϕ ∈ Φ, and
G = {ϕ1 ◦ ϕ−12 | ϕ1, ϕ2 ∈ Φ} .
An achievable subgroup G is called minimal if there is no proper subgroup G′ ( G which is
achievable, too.
Why is the set G always a group? This follows from a natural assumption on any subset Φ
of physically distinguished encodings; namely that
ϕ1, ϕ2, ϕ3 ∈ Φ ⇒ ϕ3 ◦ ϕ−12 ◦ ϕ1 ∈ Φ. (2.1)
Intuitively this is plausible: if ϕ1, ϕ2, ϕ3 are “equally natural” encodings of physical objects,
then an agent can obtain another physically distinguished encoding by first using encoding ϕ1,
then determining the physical object that would have the same description via ϕ2, and finally
encode this object via ϕ3, and the resulting encoding should not be outside of the set of natural
encodings. More formally, we can argue as follows. In our communication task, Alice and
Bob will try to use a common set of encodings Φ that is as small as possible. If (2.1) was
violated, then they could use a smaller set Φ˜ of encodings, which would facilitate their task,
rendering the choice of Φ inefficient. To see this, suppose that there are ϕ1, ϕ2, ϕ3 ∈ Φ such that
ϕ3 ◦ ϕ−12 ◦ ϕ1 6∈ Φ. Set f := ϕ3 ◦ ϕ−12 , which is a fixed map from S to S that Alice can describe
to Bob in terms of classical information, and define Φ˜ := {ϕ ∈ Φ | f ◦ϕ 6∈ Φ}. Since ϕ1 ∈ Φ˜ but
ϕ2 6∈ Φ˜, the set Φ˜ is a non-empty strict subset of Φ which Alice and Bob could use instead to
encode physical objects. Thus, it makes sense to assume (2.1), from which it easily follows that
G is closed with respect to composition and inversion, that is, G is a group.
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As a simple example, recall the example of the billiard ball velocity in classical mechanics.
Instead of using an arbitrary continuous encoding map ϕA, Alice may choose to use an inertial
frame to describe the velocity. Classical mechanics teaches us how to achieve this: an inertial
frame is one in which Newton’s laws (stated in their inertial form) are valid; this is something
that Alice can check by physical means.
Different inertial frames are related by a Galilean transformation. Since we are not interested
in the spatial location of the billiard ball (it will be part of the protocol to make sure it is located
in Alice’s lab after being sent by Bob), only the action of this group on the ball’s momentum
is relevant. Restricting the Galilean group to the ball’s velocity, we obtain the Euclidean group
E(3), describing combinations of rotations and translations in momentum space which relate
Alice’s and Bob’s laboratory. Moreover, this group is also minimal : there is clearly no way
in which a proper subgroup of E(3) would be sufficient to relate the velocity descriptions of
observers who have never met. This follows from the fact that every element of E(3) defines
a distinct inertial frame for velocity (relative to some reference inertial frame), and all inertial
frames are physically equivalent.
What would be examples of non-minimal achievable groups in this case? The simplest
example is Gmax, which in this situation is the group of all homeomorphisms of R3 itself. We
obtain it by allowing all continuous encodings ϕ; every observer can make sure to use a continuous
encoding by simply being forced to do this by physics, as discussed before.
A less trivial example would be given by allowing all affine-linear invertible encodings ϕ;
that is, encodings that preserve the vector space structure, but not necessarily the distance
between points in momentum space. The corresponding group G′ would be Aff(3,R), the affine
group. Having Alice and Bob agree on an element of this group to establish a common frame
of reference is more efficient than referring to the full group Gmax; it would describe a situation
where Alice and Bob are not using arbitrary encodings, but those that they can find by probing
the affine vector space structure of momentum space (and building their measurement devices
accordingly). If Alice and Bob are for some reason not capable of measuring angles or lengths
(notions that are only computable from an inner product), this would be the best they can do.
However, we know that in principle they can do better, which is reflected by the fact that G′
is achievable, but not minimal. It contains a proper subgroup which is also achievable – which
is the Euclidean group. The Euclidean group corresponds to the best possible strategy to agree
on a frame of reference, in the sense that different observers can individually commit to using
inertial frame encodings, and by doing so, minimize the information gap between them.
Is there always a unique minimal group? Taken literally, the answer is “no”, as can be
seen in our standard example. Let Φ be the set of all encodings of velocities into vectors
in R3 which correspond to choices of inertial frames, such that the corresponding group G =
{ϕ1◦ϕ−12 | ϕ1, ϕ2 ∈ Φ} is the Euclidean group. Consider the function f(x1, x2, x3) = (x31, x32, x33),
which is a bijective map from R3 to itself. Then Φ′ := {f ◦ ϕ | ϕ ∈ Φ} is also a physically
distinguished encoding. It is an encoding where an observer chooses an arbitrary inertial frame,
determines the velocity in the corresponding coordinates, and then takes the third power of
all entries. The corresponding group G′ is then achievable and even minimal according to
Definition 2.1, and it is different from the Euclidean group.
However, G′ is isomorphic to the Euclidean group; in fact, we have G′ = f ◦ G ◦ f−1. Taking
any element f ∈ G and mapping it to g′ = f ◦ g ◦ f−1 is a bijective group homomorphism. That
is, G′ is “exactly the same” as G except for a relabeling. As an abstract group, the Euclidean
group is the unique minimal group for the scenario we described. Interestingly, this turns out
to be true in all scenarios:
Lemma 2.2. For any given scenario, all achievable minimal groups are isomorphic. That is,
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for any given scenario, the group Gmin which describes the minimal effort that two observers
have to spend to agree on a common frame of reference is unique as an abstract group.
Proof. Fix any scenario. Suppose that G and H are both achievable and minimal according
to Definition 2.1. Denote by ΦG and ΦH the corresponding sets of physically distinguished
encodings. Choose ϕG ∈ ΦG and ϕH ∈ ΦH arbitrarily. Set f := ϕG ◦ ϕ−1H , then f : S → S is
bijective. Define Φ′H := f ◦ΦH = {f ◦ϕ | ϕ ∈ ΦH}. Then Φ′H is a set of physically distinguished
encodings. The corresponding group is
H′ = {ϕ1 ◦ ϕ−12 | ϕ1, ϕ2 ∈ Φ′H} = {f ◦ ϕ1 ◦ ϕ−12 ◦ f−1 | ϕ1, ϕ2 ∈ ΦH} = f ◦ H ◦ f−1.
Thus, the group H′ is isomorphic to the group H. Furthermore, H′ is achievable and minimal,
because H is. Note that ϕG = f ◦ ϕH, hence ϕG ∈ Φ′H. Thus, Φ := ΦG ∩ Φ′H is not empty.
Furthermore, it is a set of physically distinguished encodings (observers can physically ensure
that an encoding is in ΦG and also that it is in Φ′H, hence they can ensure that it is in both).
Therefore, the corresponding group
K := {ϕ1 ◦ ϕ−12 | ϕ1, ϕ2 ∈ Φ}
is achievable, and we have K ⊂ G as well as K ⊂ H′. Since G and H′ are both minimal, we must
have K = G and K = H′, hence G = H′, and so G and H are isomorphic.
Proper Euclidean transformations (in the connected component of the identity) are imple-
mentable: instead of preprocessing her classical description, Alice can simply rotate and accel-
erate the physical objects she obtains from Bob. The question whether a spatial reflection is
implementable or not depends on the detailed assumptions on the physics. For example, we can
think of a machine that measures the velocity v of an object, and then accelerates the object
exactly to velocity −v. If the physical background assumptions allow this machine, then reflec-
tions will be implementable, too. In the following, we will consider transformations on quantum
states, where implementability is more severely restricted by the probabilistic structure.
In general, there may be scenarios in which no minimal achievable group exists at all; how-
ever, all examples of this that we can think of at present are rather unphysical, for example in
the sense that they refer to groups which are not topologically closed. In all remaining examples
of this paper, a minimal group Gmin exists. A priori this Gmin may depend on the communicated
objects. The smallest possible group Gmin which translates among the description of all physical
objects that agents may communicate embodies the minimal efforts they have to spend in order
to agree on a description of physics. Accordingly, we shall later take it as defining the reference
frame transformations.
We finish this section with an example meant to elucidate in more detail the rules of the
communication task that we have in mind. Suppose that the physical objects to be transmitted
are pairs of vectors in classical mechanics; say, the velocities of two billiard balls. Since the
Euclidean group E(3) is a (minimal) achievable group for one billiard ball, the group G =
E(3) × E(3) is achievable – two copies of the group, one for each billiard ball. However, Alice
and Bob can just agree to use the same encoding (resp. inertial frame) for the description
of both billiard balls, and thus achieve Gmin = E(3) also for pairs of billiard balls. This is
possible whenever it is physically clear that if Bob sees two billiard balls next to each other and
acknowledges that they have the same velocity, then Alice will agree with this fact even after
the balls have been transported to her laboratory.1
1This tacitly presumes the billiard balls to remain invariant under transport.
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This example illustrates that objective relations between given physical objects represent
useful physical structure that can be used to simplify the communication task. This will become
important in Subsections 3.3 and 4.4.
3 Abstract quantum states and the orthogonal group O(3)
3.1 Transmitting finite-dimensional quantum states
We now consider the special case that the objects Alice and Bob are intending to describe
and to send are abstract finite-dimensional quantum states2. In the communication scenario in
Figure 1, Alice sends a request to Bob, asking him to prepare a physical system in a specific
N -level quantum state; Bob in turn sends a system in this state to Alice. We are only interested
in the quantum states themselves, not in the question whether these quantum systems are
correlated with any other system. In particular, if Bob is supposed to prepare and send a mixed
quantum state, it does not matter whether this is a proper or improper mixture, and whether
there is any other system that serves as a purifying system of the mixed state. All that matters
for the communication task to succeed is the pure or mixed state that will in the end arrive in
Alice’s laboratory, which should match Alice’s request.
The “information gap” in this scenario is that Alice and Bob will in general not have agreed
beforehand on a common orthonormal basis in the Hilbert space that is supposed to carry
the quantum state. Since different bases are related by unitaries, the following result is not
surprising:
Lemma 3.1. The projective unitary antiunitary [18] group PUA(N) is achievable in the setup
described above – that is, the group of conjugations ρ 7→ UρU−1 with U either unitary or antiu-
nitary. The subgroup of implementable transformations is the projective unitary group PU(N).
Note that PUA(N) can also be characterized as the set of transformations of the form
ρ 7→ UρU † and ρ 7→ UρTU †, with U unitary. The transposition can be achieved by conjugation
with an antiunitary map.
The proof of this lemma is simple. First, we may assume that Alice and Bob have both agreed
to represent quantum states by N ×N unit trace positive semidefinite Hermitian matrices (that
is, density matrices), which thus constitute the set S of mathematical objects used as descriptions
of the physical systems (cf. the notation in Section 2). Moreover, it is a physically distinguished
choice to encode quantum states such that statistical mixtures of quantum states are mapped to
convex mixtures of the corresponding density matrices, as it is standard in quantum mechanics.
The probabilistic interpretation of mixtures implies that different observers cannot disagree on
the question whether a given state is a statistical mixture of other given states.
Thus, every group element T = ϕA ◦ ϕ−1B must be a convex-linear symmetry of the set of
N × N density matrices. According to Wigner’s Theorem [20], this is equivalent to T being a
conjugation either by a unitary or antiunitary matrix.
Recalling the definition of implementability as explained in Figure 2, we also see that only
the subgroup of unitary conjugations is (physically) implementable; antiunitary conjugations
are not. They correspond to maps which are not completely positive.
The group PUA(N) is achievable, but is it minimal? The answer to this question clearly
depends on the detailed physical background assumptions, in particular on the question whether
the physical carrier system (which Alice asks Bob to use) carries any physically distinguished
2We could also consider normal quantum states on infinite-dimensional separable Hilbert spaces. Many con-
clusions of Section 3 should apply to these as well.
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choice of Hilbert space basis. For example, if N = 2, a carrier system could be given by a ground
state and an excited state (say, of an atom) that span a two-dimensional Hilbert space. In this
case, Alice and Bob would under many circumstances agree on this orthonormal Hilbert space
basis, and then Gmin = {1} or Gmin = SO(2), depending on whether Alice and Bob would also
agree on the relative phase between the states.
Thus, the question of Gmin for transmitting quantum states only becomes interesting when we
consider suitable additional physical background assumptions. A crucial property of quantum
systems in actual physics is that different systems can interact. In Subsection 3.3, we will explore
in detail the implications of this simple fact for the communication scenario of two observers in
local quantum laboratories and, in particular, under which conditions an agreement on a qubit
description can be employed to agree on the description of (almost) arbitrary N -level systems.
But firstly, we briefly explain the agreement procedure for qubits.
3.2 Agreeing on qubit descriptions
Suppose Alice and Bob wish to agree on the description of an ensemble of qubits. For instance,
they might wish to agree on the description of an ensemble of electron spins. Since a qubit
density matrix ρ has three degrees of freedom, this requires a tomographically complete set of
three observables Mˆ1, Mˆ2, Mˆ3, for example the Pauli matrices σx, σy, σz.
Alice can ask Bob, through classical communication, to prepare a large number of copies of a
fixed eigenstate ρ1 with specified eigenvalue of Mˆ1 and to send these to her through the quantum
communication channel (assumed to be noise-free and reversible, for simplicity). Upon receipt,
Alice will perform tomography on the received systems in order to compare her description of
the received states, call it ρ′1, with her request; in general, she will find disagreement ρ′1 6= ρ1.
The same task is repeated with copies of eigenstates ρ2, ρ3 of fixed eigenvalue of Mˆ2, Mˆ3, in
general giving ρ′2 6= ρ2 and ρ′3 6= ρ3. As the three requested eigenstates ρ1, ρ2, ρ3 constitute a
basis for the qubit density matrices, this provides sufficient information for Alice to compute
the unitary (or antiunitary) U ∈ UA(2), translating between the received and requested states
as ρ′i = U ρi U
−1, i = 1, 2, 3, uniquely up to phase. If no preferred choice of Hilbert space basis
exists, U can, in principle, be any element of UA(2). By contrast, if a “natural” choice of basis
exists, U must be contained in a subset of UA(2), as argued above.
The transformation U defines a unique element of the achievable qubit transformation group
Gqubit ' PUA(2) ' O(3) which translates between Bob’s and her descriptions of the qubits. This
sets up an agreement on the description of arbitrary states, at least for the kind of qubits they
employed in their procedure: if Alice henceforth wishes to receive a state ρA (in her description),
she will have to ask Bob, via classical communication, to prepare the state which takes the form
U−1 ρA U in his description.
As an aside, we note that the temporal stability of this qubit agreement procedure requires an
additional assumption: if Bob sends two sets of copies of some fixed state at distinct times, then
Alice will also receive them as two sets of copies of one state. As natural as this assumption may
seem, it cannot hold under all physical circumstances; in particular, for accelerated observers
in special relativity or even observers in a gravitational context, this condition may not be
true in general. We shall call it therefore the inertial frame condition as it might be taken as
an informational definition for two communicating frames to be inertial. We shall henceforth
tacitly assume that it holds.
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3.3 Universal measurement devices
From a physical point of view, a natural question is whether we can describe the relation between
the two laboratories of Alice and Bob, including all local quantum physics, by a single (small)
group. Only in this case can we meaningfully take this group of transformations as constituting
proper reference frame relations. If we consider Alice’s local laboratory content as a collection
of (many) finite-dimensional quantum systems S, S′, S′′, . . ., then Lemma 3.1 only tells us that
we can achieve PUA(N) for every system S with dimS = N ; the tensor product over all these
groups, each corresponding to one system, would form an achievable group. This is a huge group
that seems highly inefficient for the communication task. If one could not do better, then Alice
and Bob would have to negotiate a common reference frame for each of their local quantum
systems separately. Clearly, there must be a way to do better than this. After all, there are
relations between the different quantum systems that might be exploited in the communication
task. For example, can we use the fact that different quantum systems interact?
Quantum systems carry quantum states, which are nothing but catalogues of probabilities of
measurement outcomes. Therefore, we could relate different quantum systems S and S′ to each
other if we could somehow apply one and the same measurement device to both of them. Let
us elaborate on this idea, and imagine a device which we might call a “universal measurement
device”, which is an apparatus that measures a given observable Mˆ for two quantum systems
S and S′ (of possibly different Hilbert space dimensions) universally. In other words, we have
a measurement device which accepts as inputs both systems S and S′, and in the former case
measures an observable Mˆ(S), and in the latter another observable Mˆ(S′). As a paradigmatic
example, we can think of an idealized Stern-Gerlach device which measures, say, the spin in
z-direction, Sˆz, both for systems S of spin 1/2 and systems S
′ of spin 1 with the same given
magnetic field gradient, as sketched in Figure 3. Physically, the operators Sˆz(S) and Sˆz(S
′)
represent the same quantity, but mathematically they correspond to observables on different
Hilbert spaces.
3. SO(3,1)
S or S' Mˆ
Call S and S' equivalent if all their observables are

(S,S')-co-measurable. Equivalence classes: S.
Same observable on different quantum systems S
Theorem: Then dim S=dim S', and Mˆ(S) = XMˆ(S0)X†.
invertible
Ex.: • S= S' up to choice of basis (⇒ X unitary),

• S and S' spins of electrons with different momenta.
 Quantum theory and spacetime: strange allies                                                                                     Markus P. Müller
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Figure 3: A Stern-Gerlach device as a universal measurement device. It measures the observable Sˆz (spin
in z-direction) both on quantum systems S of spin-1/2 and quantum systems S′ of spin-1, implementing
mathematical observables Sˆz(S) and Sˆz(S
′) which are operators on C2 and C3 respectively.
Why should universal measurement devices exist at all, and what does it mean in general that
Mˆ(S) and Mˆ(S′) correspond to “the same” observable Mˆ on the different Hilbert spaces of S
and S′? In fact, these two questions are intimately intertwined. Namely, a minimal prerequisite
for operationally defining “that very same quantity” Mˆ for physically distinct systems S, S′ is
that there exists, in principle, a measurement device in which Mˆ can be measured for both S
and S′ – ideally in the same setting.3 Otherwise, there does not exist an unambiguous way of
comparing Mˆ(S) nd Mˆ(S′) and, subs quently, to evaluate them as being “the same quantity”,
3For instance, returning to the Stern-Gerlach device as a universal measurement device for spin, the setting
would be determined by the direction of the magnetic field gradient.
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but carried by physically distinct systems. In other words, if Mˆ is supposed to be a quantity
which can be carried by physically distinct systems, it better be universally measurable and thus
universal measurement devices better exist.
A universally measurable quantity which can be defined for a large number of different kinds
of systems can therefore also be regarded as a “carrier independent” quantity. One might then be
inclined to ask why carrier independent quantities should exist at all. If such carrier independent
quantities did not exist, it would be difficult to operationally define the notion of interaction
between physically distinct systems. By an interaction, one usually thinks of a process where
physical systems exchange or redistribute some quantities or properties. One tacitly follows the
intuition that a quantity that is being transferred from one system to another is in its nature
somehow “the same” before and after the exchange. But if the carrier systems are physically
distinct then (at least the nature of) the quantity should be carrier independent. In particular, a
carrier independent Mˆ might even be a “conserved quantity”; that is, a physical quantity whose
total value is typically preserved in closed systems, even in interactions between different kinds
of quantum systems, which in the end allows to compare the value of Mˆ on S and S′.
Interactions, in turn, are at the heart of any measurement. Hence, if carrier independent
quantities did not exist, it would be troublesome to envisage how interesting measurement
devices could be built in the first place which do not employ only one kind of system to also
measure only the same kind of system. Instead, with carrier independent quantities available,
one can imagine that quantum systems of some kind can be used to build devices in which
they interact in “canonical ways” with – and thereby measure – systems of another kind. For
example, we can use the spins of many electrons (which are qubits) to build a magnet which in
turn can be used in a Stern-Gerlach device, defining a quantization axis for particles of higher
spin.
These arguments suggest that an interesting (‘interactive’) physical world renders the ex-
istence of such universally measurable observables and corresponding universal measurement
devices quite natural. In the following, we shall thus simply assume their existence, and our
aim is to investigate the consequences of this assumption, in particular, to derive the symmetry
group that is implied by their properties. This reverses the prevalent logic in the standard liter-
ature of presupposing a spacetime symmetry group which, in turn, implies conserved quantities
(such as energy, momentum, angular momentum etc.) that, in light of our discussion, would be
carrier independent and universally measurable.
In order to analyze the implications of universal measurement devices in our communication
scenario more formally, we have to specify the mathematical assumptions that we make about
their behavior. It turns out that we do not need to specify too many details about their working
for the present purpose; only the following quite intuitive property is needed:
Assumptions 3.2. When we say that (one, or several) observables Mˆ can be universally mea-
sured on quantum systems S and S′, we assume that there are operators Mˆ(S) and Mˆ(S′)
such that Mˆ(S) uniquely determines Mˆ(S′), and vice versa. Moreover, we assume that this
interdependence is continuous in both directions4.
These assumptions are indeed quite intuitive: small changes of an observable Mˆ on a system
S should lead to small changes of that observable on other quantum systems S′. For this to
4An example is given by Mˆ = Sˆz, if S and S
′ are spin-1/2 and spin-1 systems, see also Example 3.7 below.
In particular, a continuous change of ~n ∈ R3 in the observable family Sˆ~n = ~n · ~S for ~S = (Sˆx, Sˆy, Sˆz) for spin-1/2
induces a continuous change of the same family for spin-1, and vice versa. However, if S is a spin-0 system and
S′ a spin-1/2 system, then we do not have this property. For all unit vectors ~n ∈ R3, we would have Sˆ~n(S) = 0,
and knowledge of this observable would not allow to infer Sˆ~n(S
′).
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make sense, there must be an invertible map Mˆ(S) 7→ Mˆ(S′) which encodes what we mean by
“the same measurement”.
In Section 4, we will consider a more general scenario (where the eigenvalues are themselves
physical quantities, not only abstract labels as in this section). There we will have to reconsider
the properties of universal measurement devices and extend the set of assumptions.
Let us now return to our communication scenario, and ask the question how Alice and Bob
can use universal measurement devices to simplify their task. If there are “enough” observables
Mˆ that can be universally measured on quantum systems S and S′, then it seems intuitively
clear that the two agents can exploit this fact: by agreeing on a description of states on S, they
should be able to obtain a common description of states on S′ “for free”. The following lemma
specifies the conditions under which this is possible.
Lemma 3.3. Suppose that a set of observables M := {Mˆi}i∈I can be universally measured
on two quantum systems S and S′, and suppose this set is large enough to be tomographically
complete on S′.5 Then there is a protocol that allows Alice and Bob to agree on an encoding
ϕ(S
′) : Sphys(S′)→ S(S′) by exchanging only classical information, given that they already agree
on an encoding ϕ(S) : Sphys(S) → S(S). Moreover, if all observables of S can be universally
measured on S and S′, then the resulting map ϕ(S) 7→ ϕ(S′) is continuous. That is, continuously
changing ϕ(S) → ϕ(S) + δϕ(S), while keeping the exchange of classical information identical,
changes ϕ(S
′) continuously.
In the case where M(S) is a strict subset of all observables on S (i.e. not all observables
can be universally measured), we have a slightly weaker continuity property. To state it, call two
encodings ϕ(S) and ϕ˜(S) equivalent if they map the physical observables6 M(S) to the same set
of mathematical operators, i.e. if ϕ(S) (M(S)) = ϕ˜(S) (M(S)). Then continuously changing ϕ(S)
to an equivalent encoding ϕ(S) + δϕ(S) continuously changes ϕ(S
′).
The method to obtain ϕ(S
′) from ϕ(S) again is quite intuitive, given the communication
scenario of Figure 1. Suppose that we have a situation as described in Lemma 3.3, and Alice
and Bob have agreed on a common encoding ϕ(S) of quantum system S. In order to agree with
Bob on an arbitrary encoding ϕ(S
′) of S′, Alice can do the following. Suppose for concreteness
that I = {1, 2, 3}. Then Alice can say: “Bob, please build the three universal measurement
devices that measure the observables Mˆ1(S), Mˆ2(S), Mˆ3(S) on S. As you know, you can also
send quantum systems S′ into those devices. From now on, let’s use the following matrices as
descriptions of the observables Mˆ1(S
′), Mˆ2(S′), Mˆ3(S′): [tables of numbers]. Thus, you know
how to do tomography with quantum states on S′, and we can agree over the phone on their
description.”
In this request, the Mˆi(S) can be described by sending the matrices Mˆi(S)0 := ϕ
(S)
(
Mˆi(S)
)
.
The resulting encoding ϕ(S
′) will then be shared between Alice and Bob. It is not unique, but
5That is, the set of outcome probabilities tr(ρ′ pi(j)i ), with pi
(j)
i the eigenprojectors of Mˆi(S
′), determines the
physical state ρ′ ∈ Sphys(S′) uniquely. Note that this does not necessarily mean that the expectation values
tr(ρMˆi(S
′)) determine the state ρ′ uniquely. As a counterexample, consider the spin-1 matrices S~n := nxSx +
nySy+nzSz with ~n ∈ R3 the unit vectors. These matrices span a three-dimensional linear subspace of the space of
observables (a representation of the Lie algebra so(3)); thus, the set of numbers tr(ρS~n) reveals only three of the
eight independent parameters of ρ′. However, since we have an irreducible representation, knowing all outcome
probabilities on the eigenvectors is sufficient to determine ρ′.
6We are slightly abusing notation, by writing ϕ(S)(Mˆ(S)) for the corresponding encoding of an observable
Mˆ(S), even though we have defined ϕ(S) to act on states only. However, this notation makes sense: if we treat
ρphys and Mˆ(S) as unknown matrices, then ϕ
(S)(ρphys) = UρphysU
† for some unknown unitary U and possibly
an additional transposition on ρphys. Consequently, we obtain tr(ρphysMˆ(S)) = tr
(
ϕ(S)(ρphys)ϕ
(S)(Mˆ(S))
)
, and
we can consistently claim that ϕ(S) is also the correct encoding of observables into matrices.
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depends on the choice of matrix encodings that Alice suggests. These constitute classical data
that can be communicated between Alice and Bob. Note however that this protocol fails if the
Mˆi(S)0 do not encode universal observables; in other words, the protocol, resp. algorithm, is
tailored to the set of matrices ϕ(S)(M(S)). The formal details are as follows.
Proof. Let ϕ
(S′)
A be Alice’s personal choice of classical description of quantum states on S
′, and
let T physS→S′ be the map which satisfies T
phys
S→S′Mˆi(S) = Mˆi(S
′). According to Assumptions 3.2, it
is well-defined and a homeomorphism into its image. Define
TS→S′ := ϕ
(S′)
A ◦ T physS→S′ ◦
(
ϕ(S)
)−1
,
which is thus also a homeomorphism into its image. It satisfies TS→S′Mˆi(S)0 = Mˆi(S′)0 :=
ϕ
(S′)
A (Mˆi(S
′)). Let J ⊂ I be a finite set such that the observables {Mˆj(S′)}j∈J are still tomo-
graphically complete on S′ (if I itself is finite, we may have J = I). Alice can communicate the
matrix descriptions {Mˆj(S′)0}j∈J and {Mˆj(S)0}j∈J to Bob. Using the latter, Bob can locally
implement the physical measurement devices {Mˆj(S)}j∈J (assuming agreement on ϕ(S)), which
by universality amounts to an implementation of the observables {Mˆj(S′)}j∈J . He therefore
knows the ϕ
(S′)
A -description of a tomographically complete set of observables (and thus of their
eigenprojectors which span the space of Hermitian operators), which allows him to deduce the
ϕ
(S′)
A -description of all physical quantum states on S
′.
Our description of the continuity property seems puzzling at first sight: if ϕ
(S′)
A is simply
Alice’s personal choice of encoding of S′, then why should this change if we change ϕ(S)? Can
she not make her choice of ϕ
(S′)
A independently of the agreed-upon ϕ
(S)? Of course she can;
but changing ϕ
(S′)
A while keeping ϕ
(S) changes TS→S′ and thus changes the classical information
that is sent from Alice to Bob. To have a fixed exchange of classical information, however, ϕ
(S′)
A
must change with ϕ(S), and we can define a map
ϕ(S) → ϕ(S′)A ≡ ϕ(S
′).
Note that
ϕ(S
′) = TS→S′ ◦ ϕ(S) ◦ T physS′→S , (3.1)
and for fixed exchange of classical information, TS→S′ is fixed, and so is T
phys
S′→S which, as a
physical map, is independent of any choice of description. In this equation, consider replacing
ϕ(S) by ϕ˜(S) := ϕ(S) + δϕ(S). The resulting expression will still be well-defined if and only if
ϕ˜(S) (M(S)) agrees with the domain of definition of TS→S′ , which is ϕ(S) (M(S)). If this is the
case, we will have a continuous change of ϕ(S
′).
We will look in more detail into this protocol for spin systems in our concrete physical world
in Example 3.7 below. The next step will be to see how Alice and Bob can relate their full local
laboratories by using the protocol above.
3.4 Relating local laboratories: the universal measurability graph
Now we formalize the idea of the beginning of the previous subsection: if there is a single
quantum system that “interacts naturally” indirectly with all other systems, then a choice of
reference frame for that system implies a choice of reference frame for the full laboratory.
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Definition 3.4 (Universal measurability graph). Consider the set of all finite-dimensional quan-
tum systems S, S′, S′′, . . .; we regard them as vertices of a graph. Draw a directed edge from S
to S′ if and only if the situation of Lemma 3.3 holds, i.e. if there is a set of observables {Mˆi}i∈I
which is tomographically complete on S′, and which is universally measurable on S and S′.
In Subsection 3.5, we will look at the concrete realization of the universal measurability
graph in our own universe (in particular, see Figure 4).
Assumptions 3.5. There exists at least one quantum system S that is a “root” of this graph,
in the sense that every vertex can be reached from S by following directed edges. Furthermore,
we assume that no quantum system with a partially preferred choice of basis or encoding is a
root of this graph.
Choose one root which has the smallest Hilbert space dimension d among all roots, and call
it S. Clearly, d = dim S ≥ 2.
Suppose that S′ is any quantum system such that there is a directed edge directly from the
root S to S′. By assumption, S does not carry any natural choice of Hilbert space basis, in the
sense that there is no distinguished subset of encodings ϕ(S) at all. We know how to parametrize
all possible encodings ϕ(S): given an arbitrary fixed encoding ϕ, all others can be written in the
form ϕ(S)(ρ) = T (ϕ(ρ)) for all ρ ∈ Sphys, where T ∈ PUA(d). In this case, we write ϕ(S) = ϕ(S)T .
Due to Lemma 3.3, the directed edge induces a corresponding set of encodings ϕ
(S′)
T on S
′, again
labelled by T ∈ PUA(d). For every T, V,W ∈ PUA(d), we have
ϕ
(S)
W ◦
(
ϕ
(S)
V
)−1 ◦ ϕ(S)T = ϕ(S)WV −1T
for the root S. If S′ is a system such that all observables of S are universally measurable on S
and S′, we get due to (3.1) (dropping some “◦”)
ϕ
(S′)
W ◦
(
ϕ
(S′)
V
)−1 ◦ ϕ(S′)T = TS→S′ϕ(S)W T physS′→S (TS→S′ϕ(S)V T physS′→S)−1 TS→S′ϕ(S)T T physS′→S
= TS→S′ ◦ ϕ(S)WV −1T ◦ T physS′→S = ϕ
(S′)
WV −1T . (3.2)
Define
G
(S′)
W := ϕ
(S′)
W ◦
(
ϕ
(S′)
1
)−1
,
which is a linear operator on S′. Then we get for all V,W ∈ PUA(d)
G
(S′)
W G
(S′)
V = ϕ
(S′)
W ◦
(
ϕ
(S′)
1
)−1 ◦ ϕ(S′)V ◦ (ϕ(S′)1 )−1 = ϕ(S′)WV ◦ (ϕ(S′)1 )−1 = G(S′)WV . (3.3)
Since the map W 7→ G(S′)W is continuous, it is a group representation of PUA(d) within PUA(S′).
By considering the connected component at the identity, we thus get a projective representation
of PU(d) on7 S′. The same conclusion holds for quantum systems S′ that are not directly
connected to S, but can be reached from S by a path of several directed edges in the graph.8
7More precisely, G
(S′)
W acts on the density matrices of S
′ by conjugation, which is a proper representation of
PU(d) on the vector space of Hermitian matrices. The corresponding representation on the Hilbert space of S′ is
however in general only a projective representation.
8If there are several paths leading from the qubit S to S′, then a choice has to be made as to which path
to take to assign a resulting encoding map ϕ
(S′)
T . However, this is also a choice that can be communicated by
classical information between observers. If S → S′′ → S′ in the universal measurability graph, then universal
measurability will be transitive, in the sense that if the set of all S-observablesM is universally measurable on S
and S′′, and also on S′′ and S′, then this set is also universally measurable on S and S′. However, this set need
not be tomographically complete on S′, which is why there need not be an edge in the universal measurability
graph going from S to S′ directly.
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Now suppose that S′ is a system such that the setM(S) of observables that are universally
measurable on S and S′ is a strict subset of all physical observables of the root S. Accord-
ing to (3.1), the calculation in (3.2) continues to make sense if ϕ
(S)
T (M(S)) = ϕ(S)V (M(S)) =
ϕ
(S)
W (M(S)), and thus (3.3) remains true if ϕ(S)V (M(S)) = ϕ(M(S)) and ϕ(S)W (M(S)) = ϕ(M(S)).
Since ϕ
(S)
V = V ◦ϕ and similarly for W , this means that V and W are in the subgroup of trans-
formations of PUA(d) that preserve the image of the observables that are universally measurable
on S and S′. In other words, we obtain a projective representation of this subgroup.
Let C be the set of all systems S′ such that all observables of S are universally measurable
on S and S′. (Clearly, C contains S.) The formal product
Φ := {ϕT | T ∈ PUA(d)} , where ϕT :=
⊗
S′∈C
ϕ
(S′)
T (3.4)
defines a physically distinguished set of encodings of all these systems at once. Suppose there
was a smaller subset of distinguished encodings Φ′ ( Φ, then Φ′ = {ϕT | T ∈ G ( PUA(d)},
with G a strict subset of PUA(d). Operationally, being able to encode all laboratory quantum
systems via some ϕT implies in particular that one can encode the root S via ϕ
(S)
T ; thus, the
set {ϕ(S)T | T ∈ G} would constitute a subset of distinguished encodings of the root S, which
contradicts our assumption that there is no such subset. Hence Φ must be a minimal set of
encodings.
But then, in particular (2.1) must hold, such that for every choice of T, V,W ∈ PUA(d),
there is some X ∈ PUA(d) such that ϕW ◦ ϕ−1V ◦ ϕT = ϕX . Since
ϕ
(S)
W ◦
(
ϕ
(S)
V
)−1 ◦ ϕ(S)T = ϕ(S)WV −1T
for the root S, it follows that X = WV −1T . This equation must be consistent with the other
factors of ϕT in accordance with (3.4), which is only possible if an analogous equation holds for
all systems S′ ∈ C simultaneously, yielding an independent proof of (3.2). Most importantly,
the group associated to Φ, that is G := {ϕ1 ◦ ϕ−12 | ϕ1, ϕ2 ∈ Φ} is isomorphic to PUA(d). This
is the minimal group that translates between Alice’s and Bob’s encodings, if they describe the
totality of all systems S′ ∈ C in their laboratories.
It is tempting to generalize (3.4), and to define the product to range over all finite-dimensional
quantum systems C¯, including those S′ for which not all observables of S are universally measur-
able on S and S′. This does not cause any problems for systems S′ which carry no universally
measurable observable at all (or only trivial such observables λ ·1 with λ ∈ R). The conclusions
will be the same as above, namely that these systems carry projective representations of PU(d)
(which will typically be trivial representations), and the set of encoding
⊗
S′ ϕ
(S′)
T , where the
product is over all those S′ and all S′ ∈ C, will be a minimal set of encodings.
However, a subtle difficulty arises with quantum systems S′ that carry a non-trivial strict
subset M of universally measurable observables (among those observables of S). As a concrete
physical example, suppose S is a spin-1/2 particle while S′ is a photon moving in z-direction.
Then it is meaningful to ask for the photon spin in z-direction, however, not for the spin in any
other direction. Hence, the spin component Sˆz and Sˆ
2
z ∝ 1 are universally measurable on S and
S′ in this case – in contrast to Sˆx, Sˆy (see also Section 3.5 below).
Our picture of coding and encoding of quantum states on S′ rests on a tacit assumption:
namely that the agents (Alice and Bob in the communication scenario) have perfect knowledge
on the choice of quantum system S′, which in this case includes the specification of the set
of observables M that are universally measurable on S and S′. For instance, in the case of
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the spin-1/2 particle and photon propagating in z-direction, this would be tantamount to Alice
and Bob already agreeing on the z-direction beforehand. In general, this knowledge would help
Alice and Bob to encode quantum states of the root S, inducing a strict subset of physically
distinguished encodings ϕ(S) among all encodings ϕ
(S)
T with T ∈ PUA(d). In the photon example,
it would be natural to choose the eigenstates of Sˆz as Hilbert space basis which would only leave
relative phases to determine. Thus, taking the formal product in (3.4) over all quantum systems
S′ ∈ C¯ would yield a set of encodings which is not minimal. Not only would this contradict our
assumptions, but it would also ignore the operational difficulty of setting up the agreement of
the choice of S′ between Alice and Bob. For example, in the case of the spin-1/2 particle and
photon propagating in z-direction it would ignore the problem of firstly having to agree on the
z-direction.
In order to deal with this situation, we have to treat quantum systems S′ with non-trivial
subsets of universally measurable observables M differently. Suppose that S′ and S˜′ are phys-
ically identical except for the corresponding sets of universally measurable observables M and
M˜, and that those sets are related by unitary conjugation and/or transposition on S, i.e. that
there is T ∈ PUA(d) with M˜(S) = T (M(S)). For instance, S′ could be a photon propagating
in z-direction, while S˜′ could be a photon propagating in x-direction. In this case, Sˆz and Sˆx
are indeed related by a unitary. Then treat them as two instances9 of the same system (or
equivalence class of systems) [S′], which is however in two different states (M(S), ρS′) resp.
(M˜(S), ρS˜′). That is, we consider the set of universally measurable observables as part of the
specification of the state. In the photon case, [S′] would just mean: a photon – without spec-
ification of propagation direction. This is something Alice and Bob can agree on by classical
communication.
This prevents the difficulty just mentioned. For every T ∈ PUA(d), we can define a corre-
sponding encoding of [S′] via the map (M(S), ρphys) 7→ (ϕ(S)T (M(S)), ϕ(S
′)
T (ρphys)), and define
the analog of (3.4) by taking the product over all [S′], obtaining a set Φ¯ of encodings ϕT with
T ∈ PUA(d) of the totality of all quantum systems. Simply agreeing on some [S′] (i.e., in
the photon case simply agreeing on [S′] being a photon, but not necessarily on its propagation
direction) does not allow to simplify agreement on the root S, and Φ¯ will be a minimal set of
encodings. Arguing as above, we get Gmin = PUA(d) as abstract minimal group. Summarizing
our findings, and reconsidering the assumptions that went into their derivation, we arrive at the
following result.
Theorem 3.6. Consider the communication scenario of Figure 1: Alice and Bob attempt to
agree on a classical description of finite-dimensional quantum systems; in fact, a description that
works for the totality of all quantum systems in their labs. Moreover, in their world, there are
many “universally measurable” observables in the sense of Assumptions 3.2: the universal mea-
surability graph (cf. Definition 3.4) has roots (Assumptions 3.5), and the smallest Hilbert space
dimension of any root is d. Then, the minimal group that translates between their descriptions
(in the sense of Definition 2.1) is
Gmin = PUA(d).
In particular, if we assume that there exists a “qubit root” S of dimension dim S = 2, then
Gmin = O(3),
9We can classify systems S′ also with respect to the question which observables are (S′′, S′)-co-measurable
with respect to other systems S′′. However, here we are only interested in the question how we can use the
agreement on the encoding of the root S to agree on the encoding of S′, which is why only the case S′′ = S is
interesting here.
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and the subgroup of implementable transformations (cf. Figure 2) is SO(3). Moreover, in this
case, if S′ is any other quantum system such that all observables of S are universally measurable
on it, then S′ carries a projective representation of SO(3). All other quantum systems S′ carry a
projective representation of the subgroup of SO(3) which leaves the set of universally measurable
observables invariant.
Thus, our assumptions have reconstructed an important property of quantum theory in
our universe: that many systems come with a representation of the rotation group in three
dimensions. The usual point of view is that this is a consequence of the three dimensions of
space. However, here we argue the other way around: the fundamental theory is quantum
mechanics, and the emergence of an SO(3)-symmetry can be understood on this basis alone.
This insight is very much in spirit of von Weizsa¨cker’s “ur theory” [32], but goes far beyond it
by putting the argumentation on firm operational grounds: as long as there is a “seed qubit”
(or root qubit) S that carries enough observables which can be jointly (or universally) measured
on other quantum systems, we obtain the symmetry group of three-dimensional rotations. In
this sense, one can indeed view qubits as the fundamental building blocks of Alice’s and Bob’s
world, given that the full reference frame transformation group SO(3) follows from the possible
relations between their respective qubit descriptions alone.
In the next subsection, we will explore in more detail how our abstract assumptions (and
Theorem 3.6) are concretely realized in our actual physical world.
3.5 Concrete realization in our universe
It is important to notice that our derivations so far were purely abstract, without any assump-
tions of an underlying spacetime structure. We have arrived at the symmetry group SO(3)
without assuming the dimensionality of space, either Galilean or special relativity, or other con-
crete properties of spacetime as observed in our world. In this section, we have a look at our
actual universe in the context of relativistic quantum mechanics, and see how the abstract no-
tions and assumptions from above (universal measurability graph etc.) are concretely physically
realized there.
Let us consider three kinds of finite-dimensional quantum systems that exist in our universe:
• A spin-1/2 qubit encoded into an electron spin (call this quantum system S);
• a spin-1 degree of freedom S′ – either elementary (as in a W or Z boson), or as an effective
degree of freedom (such as the nuclear spin in orthohydrogen);
• photon polarization qubits S′′.
Figure 4 shows part of the universal measurability graph as defined in Definition 3.4, namely
the vertices S, S′ and S′′. Arrows are drawn according to universal measurability. In particular,
there is an arrow from S to S′, and another arrow from S′ to S, since both systems can be
jointly measured in Stern-Gerlach devices. More generally, let I be the set of all unit vectors in
R3, then the set of spin observables {S~n}~n∈I is universally measurable on S and S′, namely by
constructing a Stern-Gerlach device with magnetic field (and inhomogeneity) in direction ~n.
We will now give a detailed exposition of how the protocol in Lemma 3.3 works in this case.
While the following example is physically not particularly surprising, it nevertheless illustrates
the protocol and the claimed continuous dependence of ϕ(S
′) from ϕ(S).
10Picture source for massive spins: Wikipedia (declared as Public Domain).
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Figure 4: Part of the universal measurability graph in relativistic quantum mechanics. Massive spin-
1/2 particles S (like an electron) and massive spin-1 particles S′ have a set of universally measurable
observables which is tomographically complete on both, namely spin in all directions. For massive spin-1
particles S′ and photon polarization S′′, however, only the set of observables which is supported in the
span of |+1〉 and |−1〉 of spin in the direction of the photon momentum is universally measurable, which
is tomographically complete on S′′, but not on S′. Thus, we can indirectly lift an encoding map ϕ(S) of
the electron spin qubit to an encoding map ϕ(S
′′) of the photon polarization qubit, but not vice versa.10
Example 3.7 (Encoding: from spin-1/2 to spin-1). According to [40], there are five spatial
directions ~n1, . . . ~n5 ∈ R3 with |~ni| = 1 such that {Sˆ~ni}i=1,...,5 is tomographically complete on the
spin-1 state space. Concretely, we can choose
~n1 = (1, 0, 0)
T , ~n2 = (0, 1, 0)
T , ~n3 =
1√
2
(1, 1, 0)T , ~n4 =
1√
2
(0, 1, 1)T , ~n5 =
1√
2
(1, 0, 1)T .
The actual data to start with is the set of physical spin-1/2 observables Sˆ~ni(S), represented
mathematically as Sˆ~ni(S)0 = ~ni · ~σ via an encoding map ϕ(S), with ~σ = (σx, σy, σz) the Pauli
matrices. By using universal Stern-Gerlach devices, this also defines the physical observables
Sˆ~ni(S
′). Now we have to construct an arbitrary matrix representation Sˆ~ni(S
′)0 of these observ-
ables. All possible choices are related by unitary conjugation and possibly transposition; we can
choose one arbitrarily. To this end, for every unit vector ~n ∈ R3, set Sˆ~n(S′)0 := ~n · ~S, where
~S := (Sˆx, Sˆy, Sˆz), and
Sˆx =
1√
2
 0 1 01 0 1
0 1 0
 , Sˆy = i√
2
 0 −1 01 0 −1
0 1 0
 , Sˆz =
 1 0 00 0 0
0 0 −1
 . (3.5)
From this, we obtain a unique physical encoding ϕ(S
′) of quantum states. For example, the
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pure state ρphys = |ψ〉〈ψ|phys that gives unit probability of “spin-up” in z-direction will have
ϕ(S
′)(ρphys) = diag(1, 0, 0).
This algorithm of constructing ϕ(S
′) from ϕ(S) had one arbitrary choice, namely how to describe
Sˆ~n(S
′) in terms of concrete 3×3 matrices. This is an arbitrary choice among all encodings (they
are all related by unitary conjugation and possibly a transpose; other attempts of encoding will be
in conflict with the observed measurement statistics), and part of the classical information that
is communicated from Alice to Bob in the protocol. Fixing this data, the resulting encoding map
ϕ(S
′) depends on ϕ(S): choosing another ϕ(S) in the first place will select another physical device
as the appropriate Sˆz(S)-measurement, for example, which leads to another physical observable
Sˆz(S
′) and to another pure physical quantum state |ψ〉phys on S′ that will be considered to be the
(+1)-eigenstate of spin in z-direction.
Therefore, changing the encoding of S by a rotation will have an effect on the encoding of
S′; in other words, we get a projective spin-1 representation of SO(3) on S′ (as claimed in
Theorem 3.6), and this representation is not trivial.
The spin example uses the background knowledge that there is a notion of underlying 3-
space, constituting a mechanism to set up these universal Stern-Gerlach devices in the first
place. However, there is a way to argue that these universal Stern-Gerlach devices should exist,
without directly resorting to spatial degrees of freedom. The idea is that we can use a large
number N of electron spin qubits to build a magnet. The ensemble of spins should be in a
coherent state |~n〉⊗N , and then another particle S′ can interact with that system via a simple
interaction Hamiltonian [31]. Thus, the electron spin qubit’s quantum state can define a frame
of reference which is transferred to other quantum systems via interaction. This suggests, but
does not necessitate the interpretation of ~n as a spatial direction.
This idea is very similar to von Weizsa¨cker’s suggestion that the symmetries of the elementary
binary quantum alternative should be identical to the symmetries of space [32], and it resembles
the distinguished role of the qubit for the structure of quantum theory [23–29]. It has recently
been used to argue in a different context why space must have three dimensions if a certain
operational interplay between quantum theory and space is to hold [30,31].
We now turn to photon polarization S′′. Given a photon with momentum ~p (as seen in
some reference frame), the photon spin must be oriented either parallel or antiparallel to ~p. Set
~p0 := ~p/|~p|, and consider the spin observable Sˆ~p0 . This observable is well-defined on the photon
S′′, and it can be written Sˆ~p0(S′′) = |R〉〈R| − |L〉〈L|, where |R〉 and |L〉 denote the left- and
right-circular polarization states of the photon. Clearly, the same observable can be defined on
the spin-1 particle S′, which will be a 3× 3 matrix Sˆ~p0(S′).
We claim that Sˆ~p0 is universally measurable on S
′ and S′′, as already indicated by the
notation. Namely, a concrete way to measure both systems in the same device is via photon
absorption by an atom in its electronic ground state, as described in [34, 35]. Conservation of
angular momentum will force the atom’s electron from the ground state to an ` = 1 excited
state, with magnetic quantum number m` = ±1 corresponding to the photon’s spin quantum
state, |L〉 or |R〉. That is, the result of the absorption will effectively be the transfer of the
photonic quantum information on S′′ to a quantum system S′. Finally, the observable Sˆ~p0(S′)
can be measured in a Stern-Gerlach-like device, at least in principle.
Indeed, transmission of arbitrary quantum states from photon polarization qubits to energy
levels of atoms are currently performed in many concrete experiments, e.g., see [36, 37]. For
example, this involves the experimental implementation of a photon-atom quantum gate [38,39]
whose construction is unambiguous once the spatial directions are fixed. Accordingly, two agents
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who have already agreed on the description of spatial directions via spin-1 systems S′ would
have an unambiguous way of agreeing via classical communication on the construction and
implementation of this photon-atom quantum gate. This would enable the two agents to also
agree on the description of photon qubit states. It relies on the fact that, on the one hand, the
photonic |L〉 and |R〉 states and their relative phase, and, on the other hand, also the spin-1
|+ 1〉 and | − 1〉 states and their relative phase all have a geometric meaning.
More precisely, since superpositions of |L〉 and |R〉 are preserved in the transmission from
photons to atoms, we can use the tomographic completeness of Stern-Gerlach measurements
of spin in all directions [22] to effectively measure any observable with support on span{| +
1〉, | − 1〉} on quantum system S′, not only Sˆ~p0(S′′). This yields a set of observables that
is universally measurable on S′ and S′′ and tomographically complete on S′′. Therefore, the
universal measurability graph has an arrow from S′ to S′′.
We have assumed in Subsection 3.3 that the observables Mˆ(S′) uniquely define the observ-
ables Mˆ(S′′); in other words, there is a unique interpretation of these observables in terms of
a physical quantity Mˆ . This shows that the other observables on S′ – those that are not fully
supported on span{|+ 1〉, | − 1〉} – cannot have counterparts on S′′. Therefore, we have already
found the maximal set of universally measurable observables on S′ and S′′, and no such set can
be tomographically complete on S′. Thus, there is no arrow in the universal measurability graph
from S′′ to S′.
Theorem 3.6 also tells us that there is no representation of the rotation group on the photon
polarization qubit, in contrast to the spin-1/2 system S and the spin-1 system S′. Instead, one
expects to find a representation of the subgroup of SO(3) that preserves the set of (S′, S′′)-co-
measurable observables. These are exactly the rotations that stabilize the photon momentum
vector ~p – in other words, the subgroup equivalent to SO(2) which rotates the transversal photon
polarization vector.
3.6 Two causes of disagreement: active and passive
So far, we have motivated the “information gap” between Alice and Bob by imagining that
they reside in different, distant laboratories, and have never met before. Under this assumption,
we have argued in Subsection 3.3 that their descriptions of local quantum physics in their
laboratories must be related by an element of Gmin = O(3).
Concretely, we can think of Alice and Bob as talking on the phone, Alice sending a request
to Bob in terms of classical information, and Bob responding in terms of a physical system that
he sends back, as depicted in Figure 1. Clearly, the classical information that Alice sends to Bob
must be encoded into some physical system as well, that serves as the signal carrier. However,
we can imagine that they are using a physical (quantum) system S′ that carries at least a partial
natural choice of Hilbert space basis. For example, Alice can send information bitwise, encoding
a zero into the ground state, and a one into an excited state of a two-level system; or encoding
it into the relation between the orthogonal basis elements of two successive quantum systems.
In addition to this “passive” picture, we can also imagine an “active” scenario: suppose that
Alice and Bob have actually met before, and have used this encounter to calibrate their mea-
surement devices and synchronize their frames of reference. But imagine that their laboratories
have become separated afterwards, and subjected to all kinds of physical influences. Concretely,
think of Alice and Bob and their laboratories as traveling in spaceships to distant parts of the
galaxy, under the influence of all kinds of gravitational fields.
In this case, their descriptions of local physics of each others’ laboratories will have become
desynchronized, and they may recognize it once they try to implement the information-theoretic
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scenario of Figure 1. However, in this case, there is a difference to the earlier “passive” scenario:
namely, one would expect that their “information gap” is characterized by an element of the
implementable subgroup of Gmin – that is, in this case, of SO(3). This is because the universe
has actually implemented the corresponding transformation, by acting on their laboratories.
Indeed, this is consistent with our result: different observers may become twisted relative to
each other (described by a rotation R ∈ SO(3)), but usually not reflected relative to each other.
4 Physical quantum states and the Lorentz group
4.1 Types of quantum systems and universal measurement devices
In the previous section, we have taken an abstract operational point of view on quantum states
inspired by quantum information theory. In this picture, a state of a quantum N -level system
is merely a concise catalogue of probabilities of the outcomes of all possible measurements that
can be performed on the quantum system. For example, if a state ρ =
∑N
i=1 λi|i〉〈i| (assuming
non-degenerate spectrum) is measured in its eigenbasis, then the probability to obtain outcome
i is λi, but the outcome itself is not considered to have any particular physical meaning. Any
observable of the form
Mˆ =
N∑
i=1
mi|i〉〈i|
for any choice of m1, . . . ,mN can be measured by the same physical device with outcomes that
merely differ by their classical labels mi. This point of view is particularly common in quantum
information theory, and it seems especially appropriate in the case of destructive measurements
where the physical system is annihilated on detection.
However, in many situations, measurement outcomes carry concrete physical meaning, in the
sense that the outcome describes a specific physical property of the physical system after the
measurement. In this case, the eigenvalue is not just a classical label, but describes a physical
post-measurement property (say, a particle’s kinetic energy in some units like Joule). We have
already seen in Subsection 3.3 that actual physical properties of an observable (for example the
property of being measurable by universal devices) can have important structural consequences.
Therefore, we should analyze how the conclusion of the previous section are modified if we take
into account that measurement outcomes have actually a “size” which can be compared to other
outcomes.
Suppose we have a physical quantity which can in principle take one of infinitely, maybe con-
tinuously many values (such as energy). Then even if we have an effectively finite-dimensional
quantum system (such as a superposition of only two energy levels in an atom), this quantum
system will be a subspace of a much larger, typically infinite-dimensional Hilbert space or op-
erator algebra which describes the laboratory as a whole (once the necessary localization, e.g.,
within quantum field theory is possible). We will now argue that no matter which fundamental
theory (say, what specific quantum field theory) we assume to hold, this simple fact will have the
universal consequence that finite-dimensional quantum subsystems will come in different types,
even if they have the same Hilbert space dimensionality. A simple example illustrates this fact.
Imagine a Stern-Gerlach apparatus which performs a spin measurement on spin-1/2 particles.
For this, the particles of mass m and velocity v will enter an inhomogeneous magnetic field which
defines a quantization axis z, and then spread into two beams corresponding to the two possible
values of the spin in z-direction, finally hitting a screen (let us assume for now that vz = 0
before the particles reach the magnetic field). The particles will hit the screen in a small vicinity
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along the z-direction either up- or downwards from the initial beam axis, which constitutes the
two possible outcomes “spin up” or “spin down”. We can associate an observable, ∆z, to this
experiment, with eigenvalues corresponding to the two possible spatial displacements (in units of
length) relative to the original beam axis and along the quantization axis. The two eigenvalues
(differing only in sign), corresponding to the two possible deflections11, are proportional to
1/(mv2), as well as the magnetic moment and the magnetic field gradient. We emphasize that,
in contrast to before, we now have classical scale in the game, described in this case by units of
length.
3. SO(3,1)
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Figure 5: If measurement outcomes (i.e. igenvalues of observabl s) are physic l quantities, then there will
typically be different “types” of systems S and S′. They may have the same Hilbert space dimensionality,
but still lead to measurement of different observables if input into the same measurement device. This
leads us to refine the notion of “universal measurement device” from Section 3.
Thus, two electrons S and S′ with different velocities will make the same fixed Stern-Gerlach
device perform different kinds of measurements (cf. Figure 5). More precisely, even though the
same physical degree of freedom is probed in both cases (namely the quantum bit carried by
the electron’s spin), the actual qubit observable ∆z differs between both cases in the sense that
the two sets of possible outcomes do not coincide. In fact, ∆z can be viewed as a family of
hybrid observables with a quantu and a classical part: the quantum part, the spin, determines
whether the particles are deflected ‘up’ or ‘down’, while the classical part (parametrizing the
family) determines how strongly the systems are deflected. Somehow, the qubits come in different
types (in this case corresponding to different velocities v), and the measurement device responds
differently to the different types of qubits.
Another possible source of having different types of quantum states is that there are different
sorts of physical systems that carry them, such as different sorts of particles. For example, we
can use other types of neutral atoms with an unpaired electron, or in principle even think of
replacing the electron by a muon.
Once again, we are led to consider measurement devices which are able to measure different
kinds of quantum systems, similarly as the universal measurement devices of Section 3. But now
we have additional complexity: if the outcomes (that is, eigenvalues) have physical meaning,
then different observers may not agree on their description. For example, if (as in the example
above) the outcomes have a unit of length, then Alice and Bob may use different units to describe
length, and in this sense disagree on the actual numerical value of the eigenvalues.
In order to analyze this more complicated situation, we need to say in more detail what
it means for a measurement device to perform “the same measurement” on different quantum
systems. In Assumptions 3.2 of Section 3, we have only assumed a certain continuity property;
11We will come back to the Stern-Gerlach device later. It will turn out that our abstract derivation which
follows describes the deflection more precisely in terms of the acceleration that the particle undergoes in the
inhomogeneous field rather than in units of lengths. Nevertheless, qualitatively, the illustration in terms of ∆z is
simpler and conveys the same motivation for the general abstract argumentation. We thus stick to it here.
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Figure 6: Not a universal measurement device. By construction, the observables that this device measures
on systems of spin-1/2 and spin-1 are physically different. Since there is in general no way to “look inside
the black box”, a definition of a universal measurement device has to appeal to consistency conditions
among several universal measurement devices. These conditions will rule out this device from the family
of universal spin measurement devices that we have in our universe (see main text).
now we have to be more specific and extend our definition. For example, we would intuitively
believe that a device as in Figure 5 performs the same measurement on particles of different
velocities. On the other hand, we would say that a device like the one in Figure 6 is not
a good universal measurement device in that sense: by construction, it performs a different
measurement for spin-1/2 particles than it does for spin-1 particles. But how can we know this
if we do not know the inner workings of a measurement device, but only their effects?
The main idea (which is also implicit in Assumptions 3.2, as we shall soon see) is not to con-
sider single measurement devices separately, but to think of a family of universal measurement
devices which are related to each other by consistency conditions. For example, suppose that we
have identified Stern-Gerlach devices that measure the spin in x- and y-direction, and do so for
spin-1/2 particles S as well as for spin-1 particles S′. If these are universal measurement devices
from one family, then the device in Figure 6 cannot be a universal measurement device from the
same family too: the former would assign an observable Sˆx(S) to Sˆx(S
′), while the device in Fig-
ure 6 would assign an observable Sˆz(S) to Sˆx(S
′), contradicting uniqueness of Assumptions 3.2.
For example, an observer who has a notion of directions and thereby of spin observables too can
rule out universality of the device of Figure 6 by comparing it to Stern-Gerlach measurements.
But which consistency conditions should we choose to determine whether two devices are
from the same family of universal measurement devices? If the outcomes of a measurement
are physical scalars, then we should consider the most important structural and operational
property of the real numbers: that they form an ordered field. In particular, we have a notion of
comparing the values of a physical quantity on two different physical systems. It seems that the
notion of “one quantity being larger than another” is one of the most important prerequisites
to define physical quantities (like lengths or masses) operationally.
This leads us to our first new postulate: comparison of outcomes should be system-independent.
More concretely, suppose that Mˆ1(S) and Mˆ2(S) are devices that measure two observables on
quantum system S, such that the expectation value of Mˆ2(S) is always at least as large as that
of Mˆ1(S), no matter what state we send in. Then we expect that this property remains true if
we measure quantum system S′ in the same device; that is, we obtain inequality (4.1) below.
For convenience, we add one more new postulate (and we will briefly discuss dropping it
later). It encodes the idea that the outcomes of the measurement are taken relative to their
values before the measurement. In particular, an outcome corresponding to eigenvalue λ = 0
corresponds to an outcome where the scalar physical quantity of interest after the measurement
is identical to its value before the measurement. In particular, the observable Mˆ = 0 (the zero
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matrix) is interpreted as performing no measurement at all. We assume that this property is
stable across the different quantum systems that are measured in the same device.
Definition 4.1 (Universal measurement devices, extension of Assumptions 3.2).
We assume that there exists a family of “universal measurement devices” that can measure
“the same observable” Mˆ on several different quantum systems S, S′, . . ., characterized by cor-
responding observables Mˆ(S), Mˆ(S′), . . .. If quantum systems S and S′ can be measured in a
single universal measurement device, then we assume that Mˆ(S) uniquely determines Mˆ(S′),
and vice versa. Moreover, we assume that this interdependence is continuous in both directions.
Furthermore, we make the following assumptions as motivated above. If Mˆ1 and Mˆ2 are two
universal measurement devices in which we can measure both S and S′, then
Mˆ1(S) ≤ Mˆ2(S) =⇒ Mˆ1(S′) ≤ Mˆ2(S′) (“order preservation”). (4.1)
Furthermore, there is a unique “zero measurement” as explained above. That is,
Mˆ(S) = 0 =⇒ Mˆ(S′) = 0. (4.2)
Before we discuss these conditions in more detail, we take courage by observing that Stern-
Gerlach spin measurements satisfy these conditions. First, think of observables Mˆi that measure
the absolute value of the deflection, |∆z|, for a smaller (i = 1) resp. larger (i = 2) magnitude
of the magnetic field gradient. Regardless of the precise incident system, the expectation value
of Mˆ1 will always be less than the expectation value of Mˆ2, satisfying (4.1). The “zero mea-
surement” in (4.2) corresponds to the magnetic field being switched off which amounts to zero
deflection for all incident systems and therefore no spin measurement. Later on, in Subsec-
tion 4.6, we will show more thoroughly that a proper relativistic description of Stern-Gerlach
measurements on spin-1/2 particles, taking their state of motion into account, will follow these
conditions as well.
We can also show directly that the spin measurements of Section 3 (with fixed eigenvalues
independent of the deflection ∆z) satisfy Definition 4.1 – as long as they encompass a universal
identity observable 1ˆ. Recall Theorem 3.6, and consider the case that there is a “root qubit”
(d = 2) such that the symmetry group becomes Gmin = O(3). In this case, the different quantum
systems S, S′, . . . correspond to the internal degrees of freedom of particles with different spin,
while their external attributes – such as the state of motion – are irrelevant. The identity 1ˆ
completes the spin operators to a full basis for all qubit observables.
Lemma 4.2 (Consistency with Section 3). Denote by Ss the quantum system that corresponds
to the internal degree of freedom of a spin-s particle, s ∈ {12 , 1, 32 , 2, 52 , . . .}. Use the abbreviation
Mˆ(Ss) =: Mˆ
(s). Define the observables Sˆ
(s)
x , Sˆ
(s)
y , Sˆ
(s)
z as arbitrary spin-s representations of the
angular momentum commutation relations [Sˆ
(s)
x , Sˆ
(s)
y ] = iSˆ
(s)
z etc. Furthermore, define 1ˆ(s) :=
s1. In particular, in some suitable choice of basis, this gives the Pauli matrices
1ˆ(1/2) =
1
2
(
1 0
0 1
)
, Sˆ(1/2)x =
1
2
(
0 1
1 0
)
, Sˆ(1/2)y =
1
2
(
0 −i
i 0
)
, Sˆ(1/2)z =
1
2
(
1 0
0 −1
)
.
Every observable Mˆ (1/2) on the two-dimensional spin-1/2 system can be written as a linear
combination with real coefficients
Mˆ (1/2) = α1ˆ(1/2) + αxSˆ
(1/2)
x + αySˆ
(1/2)
y + αzSˆ
(1/2)
z .
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Define Mˆ (s) for all s 6= 12 by linear extension of the above, i.e.
Mˆ (s) = α1ˆ(s) + αxSˆ
(s)
x + αySˆ
(s)
y + αzSˆ
(s)
z . (4.3)
A family of spin measurement devices satisfying this prescription also fulfills Definition 4.1 above
and is thus universal. In particular, we have order preservation as in (4.1).
This prescription describes the spin measurements in our universe. The (idealized) Stern-
Gerlach devices of Section 3, each measuring solely the spin in a fixed direction on different
sorts of particles (but not their precise deflection), are thus universal. This requires a universal
observable 1ˆ as above which renders (4.1) non-trivial (in fact, the choice above turns out to be
the unique possibility in order to have s-independent positivity). Note that 1ˆ(s) is a function of
the total spin (which would be
√
s(s+ 1)1).
Proof. It is clear that linearity implies (4.2); it also implies that we only have to check Mˆ (s) ≥
0 ⇒ Mˆ (s′) ≥ 0 to prove (4.1), i.e. that positivity is preserved among the different spins. Con-
sider (4.3) in the special case that α = 0 and α2x + α
2
y + α
2
z = 1. Then Mˆ
(s) = Sˆ~n is another
spin-s operator, namely the one that describes a spin measurement in direction ~n = (αx, αy, αz).
Thus, its smallest eigenvalue is (−s). Then it is clear that the smallest eigenvalue of Mˆ (s) in
general is αs −
√
α2x + α
2
y + α
2
zs. Therefore Mˆ
(s) ≥ 0 if and only if α ≥
√
α2x + α
2
y + α
2
z. This
condition is independent of s.
This raises the question whether we could have an analogous consistency result also in the
case that d ≥ 3 in Theorem 3.6, in which case we would have the symmetry group PUA(d)
instead of O(3). If the answer was negative, then this would yield additional justification of the
assumption that there is a “qubit root” with d = 2 (or, in other words, this would single out
the qubit as “special”). We do not currently know the answer to this question.
Some quantum systems will share all their observables with other quantum systems:
Definition 4.3 (Equivalent quantum system). We say that two quantum systems S and S′ are
equivalent if and only if all observables of S are universally measurable on both S and S′, and
vice versa. We denote the equivalence classes in bold face font S.
Due to lack of a better wording, we will also call the equivalence classes S “quantum systems”
(in fact, they are collections of many quantum systems). Surprisingly, Definition 4.1 turns out
to be quite restrictive:
Lemma 4.4. Let S and S′ be equivalent quantum systems, then dimS = dimS′. Ignoring
condition (4.2) in Definition 4.1 implies that there is an invertible complex N × N matrix X
such that for all observables Mˆ ,
either Mˆ(S′) = X†Mˆ(S)X + Y or Mˆ(S′) = X†Mˆ(S)TX + Y, (4.4)
where Y is some Hermitian N×N matrix. If condition (4.2) is taken into account (and therefore
Definition 4.1 is considered in its complete form), then Y = 0.
Proof. If S and S′ are equivalent, then Definition 4.1 implies that the spaces of Hermitian
matrices over S resp. S′ are homeomorphic, therefore they have the same dimensions, and hence
dimS = dimS′. It is easy to check that maps of the form given above satisfy all conditions
of Definition 4.1. Conversely, note that all continuous bijective order-preserving maps on the
Hermitian N × N matrices which preserve the zero matrix are of the form Mˆ 7→ X†MˆX or
Mˆ 7→ X†MˆTX with X some invertible complex N ×N matrix, see [2, 3].
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This lemma shows that some further natural consistency conditions among the different
quantum systems hold true automatically for equivalent systems, even though we have not
postulated them directly in Definition 4.1. For example, we have linearity:
Mˆ(S) = λ1 Mˆ1(S) + λ2Mˆ2(S) =⇒ Mˆ(S′) = λ1 Mˆ1(S′) + λ2Mˆ2(S′). (4.5)
In Subsection 4.3, we will discuss the communication scenario of Alice and Bob as in Figure 1
in the context of equivalent quantum systems. As we will discuss there, Alice and Bob will
agree on equivalence classes S of quantum systems, but not on the question which one of the
equivalent quantum systems (S ∈ S or S′ ∈ S etc.) is to be sent. Nevertheless, (4.5) can be
interpreted as saying that Alice and Bob agree on the linearity structure of observables. And this
is quite intuitive: think of two observers who measure distances in meters and miles, respectively.
Consider the distances d1 = 4m, d2 = 6m, d3 = 10m and d4 = 24m. Then both observers will
agree on the fact that d1 +d2 = d3 – this equation remains true after conversion from meters into
miles. However, the fact that the numerical value of d4 is the product of the numerical values of
d1 and d2 is something that the observers will not in general agree upon. In the next subsection,
we will also see that this property is even more important when we turn from the Heisenberg
to the Schro¨dinger picture: the “dual” property of (4.5) establishes the observer-independence
of the probabilistic structure.
At the beginning of this section (see also Figure 5), we have motivated our approach by saying
that quantum systems may come in different “types”, making one and the same measurement
device perform different kinds of measurements with potentially different outcome eigenvalues.
We are now in a position to write down a formal definition of types. We will say that S and
S′ are of the same type if for every state ρS of system S, there is a state ρS′ of system S′ that
yields exactly the same statistics on all measurements Mˆ (and vice versa). We can interpret this
as saying that S and S′ are identical quantum systems, but carry different choices of Hilbert
space bases. This leads us to the following definition.
Definition 4.5. (Type) Two quantum systems S and S′ are said to be of the same type
if they are equivalent in the sense of Definition 4.3, and if either Mˆ(S′) = U † Mˆ(S)U or
Mˆ(S′) = U † Mˆ(S)T U with some fixed unitary U . Otherwise, we say that S and S′ are of
distinct types.
We can also nicely characterize this in a different way:
Lemma 4.6. Two equivalent quantum systems S and S′ are of the same type if and only if the
outcome eigenvalues of all measurements are identical.
Proof. Clearly, if S and S′ are of the same type, then Mˆ(S) and Mˆ(S′) are related by a unitary
(and possibly a transpose) which preserves all eigenvalues. Conversely, the results in [33] show
that the map X† • X which relates Mˆ(S) and Mˆ(S′) according to Lemma 4.4 is spectrum-
preserving if and only if X† = X−1, i.e. if X is unitary and thus S and S′ are of the same
type.
Therefore, in order to specify Mˆ(S) for a given quantum system S, we need to know two
things: first, the type of the system S, and second, the choice of basis in the corresponding
Hilbert space, or more generally the way that quantum states are described as density matrices.
The observables of different types of systems are thus related by conjugation with non-
unitary matrices. The interpretation of this non-unitarity is clear: different types of systems
produce distinct outcomes with distinct physical values in the same measurement devices (cf.
Figure 5). Accordingly, their corresponding observables must feature distinct eigenvalues such
that a transformation among them cannot be unitary.
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4.2 From Heisenberg to Schro¨dinger: unnormalized quantum states
Before we discuss the communication task between Alice and Bob under these generalized cir-
cumstances, we need to clarify what the type transformations imply for quantum states. In
standard quantum theory, states are dual to observables and symmetry transformations can be
performed on either. So far, we have taken the different types of systems into account by saying
that a measurement Mˆ is described by an observable Mˆ(S) which depends on the quantum
system S. Translating between equivalent systems implies, according to Lemma 4.4, a trans-
formation of the observables. However, we can also use a “dual” formalism, which is similar
to the change from the Heisenberg to the Schro¨dinger picture, and apply the transformation
equivalently to states. But how can we reconcile the non-unitarity of type transformations with
a meaningful notion of state normalization? As we shall now argue, one can translate the type
freedom into a parametric freedom in the state normalization which ultimately implies that
degrees of freedom of distinct type live on distinct Hilbert spaces. Not only will this be useful
to discuss the communication scenario of Figure 1 in Subsection 4.3, but it will also allow us to
show a direct connection to relativistic quantum theory in Subsection 4.6.
For any given quantum system (equivalence class) S, fix some reference system S0 ∈ S.
Suppose that S ∈ S is any other quantum system such that Lemma 4.4 yields the transformation
equation without transpose, i.e. Mˆ(S) = X†Mˆ(S0)X. Then, for any quantum state ρ on S,
tr(ρMˆ(S)) = tr(ρX†Mˆ(S0)X) = tr(XρX†Mˆ(S0)).
This allows us to use the following alternative formalism: every measurement Mˆ is described
by a fixed observable Mˆ(S0). However, quantum states ρ of other equivalent systems S ∈ S
are instead described by pseudo quantum states XρX†, where X is the complex matrix such
that Mˆ(S) = X†Mˆ(S0)X in the “Heisenberg” formalism we had before. In the case where
Mˆ(S) = X†Mˆ(S0)TX, the pseudo quantum state is X¯ρT X¯†, where X¯ denotes the complex
conjugate of X.
Note that this “dualization” would be impossible if we had Y 6= 0 in Lemma 4.4. Thus,
condition (4.2) is necessary for translating from type-dependent observables to type-dependent
quantum states if we want to keep the usual Born rule (trace rule) formalism.
Pseudo quantum states are positive semidefinite, but not necessarily normalized; their trace
can be any positive real number. At first sight, this seems to be in conflict with the usual
postulates of quantum mechanics, but in fact it is not. Every N -level pseudo quantum state ρ
is an operator on CN . However, this vector space becomes a Hilbert space only with a choice
of inner product. It turns out that choosing an inner product different from the canonical one
turns pseudo quantum states into quantum states, and thus admits the usual probabilistic inter-
pretation of quantum states. Moreover, this choice of inner product is necessary and sufficient to
have a valid “Schro¨dinger picture” that makes identical physical predictions as the “Heisenberg
picture” that we have used in the previous subsections.
Observation 4.7. By choosing a fixed reference quantum system S0, we can denote every equiv-
alent system S by SX or S
T
X ; we use the former notation if Mˆ(S) = X
†Mˆ(S0)X, and the latter
if Mˆ(S) = X†Mˆ(S0)TX.
For any given equivalent quantum system S ∈ S, consider the polar decomposition
X =
{
RU if S = SX
RTU if S = STX
}
, with R > 0 and U †U = 1.
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This decomposition is unique [4]. Note that12 SX = SX′ (resp. S
T
X = S
T
X′) if and only if
X ′ = eiθX for some θ ∈ R (or equivalently if U ′ = eiθU and R = R′). Pseudo quantum states
on SX or S
T
X are quantum states on the Hilbert space HR, which is the complex vector space CN
with inner product
〈ϕ|ψ〉R := 〈ϕ|R−2|ψ〉,
and the unitary U signifies the different choice of basis in this Hilbert space, compared to the
choice of basis for S0. Two equivalent quantum systems are of the same type if and only if their
matrices R agree; that is, if and only if they live on the same Hilbert space, HR. If S = SX (no
transposition), then the matrices X, interpreted as maps X : H1 → HR, are isometries of Hilbert
spaces. In the case where S = STX , the map |ψ〉 7→ X¯|ψ¯〉, where the bar denotes componentwise
complex conjugation, is an antilinear isometry. Normalization of pseudo quantum states ρ is
given by trR(ρ) := tr(ρR−2) = 1.
Given pure quantum states |ψ〉 and |ϕ〉 on SX , the pseudo quantum states are |ψ′〉 = X|ψ〉
and |ϕ′〉 = X|ϕ〉. With the given choice of inner product, we have
〈ϕ′|ψ′〉R = 〈ϕ|X†R−2X|ψ〉 = 〈ϕ|U †RR−2RU |ψ〉 = 〈ϕ|ψ〉.
Thus, pseudo quantum states are indeed normalized with this choice of inner product, and they
yield valid transition probabilities. On quantum system STX , we instead have |ψ′〉 = X¯|ψ¯〉, and
we obtain analogously
〈ϕ′|ψ′〉R = 〈ψ|ϕ〉 = 〈ϕ|ψ〉.
Since transition probabilities are given by the modulus square of an inner product, this still
reproduces the probabilistic predictions of the standard quantum states in the Heisenberg picture
of the previous subsection. More generally, for systems SX , we can check that the normalization
of the pseudo quantum state ρ′ = XρX† in the new inner product13 equals the usual trace of ρ:
trRρ′ = tr(XρX†R−2) = tr(ρX†R−2X) = tr ρ = 1, (4.6)
and the same result holds for systems STX , using that tr(ρ
T ) = tr ρ.
We will discuss the relation of these results to the physics of relativistic Stern-Gerlach devices
in some detail in Subsection 4.6. For the moment, let us simply anticipate a few points to
see where this is going. As we have just seen, degrees of freedom of different type live on
different Hilbert spaces, which means that we cannot construct quantum states describing their
superposition and have to treat the type of a system classically. In Subsection 4.6, we will see
that the different types of systems basically correspond to different momenta p of particles in
the Stern-Gerlach case. Thus, our situation is qualitatively different from quantum field theory,
where superposition of different momentum modes is standard. However, this does not invalidate
12To see this, suppose X†MˆX = (X ′)†MˆX ′ for all Mˆ . The special case Mˆ = (XX†)−1 implies that XX† =
X ′(X ′)†, and thus R = R′. Using this and substituting Mˆ 7→ R−1MˆR−1 gives U†MˆU = (U ′)†MˆU ′ for all Mˆ ,
which implies U ′ = eiθU .
13We can describe the situation alternatively as follows. Given CN as a vector space, the choice of inner product
〈·, ·〉R defines a set of Hermitian matrices, i.e. matrices M with 〈x,My〉R = 〈Mx, y〉R. These are the matrices for
which (R−2M)† = R−2M , where the conjugate transpose is defined with respect to the standard inner product
and its canonical orthonormal basis. Similarly, the cone of positive semidefinite matrices becomes the set of
matrices M for which R−2M ≥ 0 with respect to the canonical inner product, and the normalization condition
becomes trR(M) ≡ tr(R−2M) = 1. All this is consistent with the Heisenberg picture: consider a quantum system
S in state |ψ〉. The expectation value of an observable Mˆ is 〈ψ|Mˆ(S)|ψ〉, where Mˆ(S) = Mˆ(S)†. If S = SX , then
this equals 〈ϕ|R2Mˆ(S0)|ϕ〉R, where |ϕ〉 = X|ψ〉, and R2Mˆ(S0) is Hermitian in the Hilbert space HR.
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the current approach. Instead, our framework can be viewed as an approximation that is valid
in certain physical situations.
For instance, in a spacetime context, this framework will apply to the special case of parti-
cles that can be approximately described to be in classical momentum states; the momentum-
dependence of the Hilbert space inner product is identical to the one that was independently
constructed in a relativistic description of the Stern-Gerlach experiment by Palmer et al. [7].
We will come back to this later in Subsection 4.6.
4.3 The communication scenario with different types of systems
We now return to the communication scenario of the previous sections. Again we have Alice
and Bob as in Figure 1. Alice sends Bob a classical request, asking him to prepare a quantum
system S in a quantum state ρ. Bob then tries to send the corresponding physical system back
to Alice. We start with a simple situation that is the analogue of the situation considered in
Subsection 3.1: Alice and Bob aim at transmitting a single concrete N -level quantum system
S; no assumptions are made on any relation between different quantum systems S and S′.
This formulation implicitly assumes the following:
Assumptions 4.8. We assume that Alice and Bob can agree on the equivalence class S by
classical communication (up to a subtlety discussed right before Theorem 4.12), but not in general
on the physical system S ∈ S that is to be sent.
Note that the difficulty of picking out a quantum system S from a continuum of systems
(and describing it classically) was already implicit in Section 3, in the case of systems which
carry only a subset of universally measurable observables (see the proof of Theorem 3.6).
For the time being, let us describe the situation in the Heisenberg picture. The main commu-
nication problem – if Alice and Bob have never met before – is that both may describe equivalent
quantum systems in different ways. That is, Alice and Bob may have chosen two different “refer-
ence systems” SA0 ∈ S and SB0 ∈ S respectively, which means that they assign different invertible
matrices XA and XB to the same quantum system S (namely such that Mˆ(S) = X
†
AMˆ(S
A
0 )XA
and similarly for B, possibly with transpositions). To distinguish between both cases with and
without transpose, we introduce another variable P ∈ {−1,+1}, “parity”, which is set to +1 if
there is no transpose, and −1 otherwise. Again, Alice and Bob may differ in the assignment of
parity, in which case PA 6= PB.
Note that the communication scenario in the previous Section 3 is a simpler version of this
one: it applies to the case where Alice and Bob agree on the type of system to be sent, such that
the only source of disagreement is the choice of Hilbert space basis, i.e. Mˆ(SB0 ) = U
†Mˆ(SA0 )U
for some unitary U and all observables Mˆ (possibly with an additional transpose). With this
additional knowledge, Alice’s and Bob’s descriptions differ by a unitary or antiunitary map, and
we recover the setting of Section 3. The additional complexity of this section is that Alice and
Bob do not in general agree on the description of eigenvalues of measurement outcomes; which
is, according to Lemma 4.6, equivalent to not agreeing on the type of system.
In the current more general communication scenario, where Alice and Bob have not equalized
their descriptions of the different types, Alice sends out a classical description of XA and PA
and ρ. Since Bob uses a different reference system, he will not know which system and state
he should send to Alice. Thus, as in the previous sections, there should be a transformation
T (depicted in Figure 1) that corrects this description before it arrives in Bob’s lab. There is
no need to correct the description of ρ – once Bob knows the reference system, he also knows
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the choice of Hilbert space basis and knows how to prepare ρ. We will now describe a group of
transformations T that achieves the task; these transformations act on X and P only.
First, consider the case that Alice’s and Bob’s reference systems have the same parity, in
the sense that Mˆ(SB0 ) = Y
†Mˆ(SA0 )Y (no transposition) for some fixed invertible matrix Y .
Furthermore, suppose that S is a system that Bob describes as SXB (no transposition). Then
Mˆ(S) = X†BMˆ(S
B
0 )XB = X
†
BY
†Mˆ(SA0 )Y XB = X
†
AMˆ(S
A
0 )XA.
Thus, we get XB = Y
−1XA and PB = PA = +1. On the other hand, if S is a system that Bob
describes as STXB , then
Mˆ(S) = X†BMˆ(S
B
0 )
TXB = X
†
BY¯
†Mˆ(SA0 )
T Y¯ XB,
where the bar denotes componentwise complex conjugation. Thus, we get XB = Y¯
−1XA and
PA = PB = −1, and we obtain the following table defining a correcting transformation T :
(XA,+1)
T7→ (Y −1XA,+1)
(XA,−1) T7→ (Y¯ −1XA,−1). (4.7)
Second, consider the case that Alice’s and Bob’s reference systems have opposite parities. Anal-
ogous calculations as above show that the correcting transformation T has to be chosen slightly
differently:
(XA,+1)
T7→ (Y¯ −1XA,−1)
(XA,−1) T7→ (Y −1XA,+1). (4.8)
If we denote the transformations T in (4.7) by T+
Y −1 and those in (4.8) by T
−
Y −1 (mind the
inverse), we obtain the multiplication table
T+Y T
+
Z = T
+
Y Z , T
−
Y T
−
Z = T
+
Y Z¯
, T−Y T
+
Z = T
−
Y Z¯
, T+Y T
−
Z = T
−
Y Z .
As expected, these transformations form a group. Since matrices XB and X
′
B that differ only by
a complex phase describe the same type, we have to identify Y and eiθY for θ ∈ R, which yields
a quotient group. If we define the maps G+Y (Mˆ) := Y MˆY
† and G−Y (Mˆ) := Y Mˆ
TY † on the
self-adjoint matrices Mˆ , then these maps satisfy the same multiplication rules (with T replaced
by G), so the group we just obtained is isomorphic to the group G containing the G+Y and G−Y .
We have just seen that we can always choose an element T ∈ G of this group, and apply it as
in Figure 1 to ensure that Alice’s and Bob’s communication task succeeds. Thus, we obtain the
following statement:
Lemma 4.9. In the communication scenario described above, the group
G = {Mˆ 7→ Y MˆY † | detY 6= 0} ∪ {Mˆ 7→ Y MˆTY † | detY 6= 0}
is achievable. This is the group of linear automorphisms of the cone of positive semidefinite com-
plex N×N matrices. The subgroup of implementable transformations is its connected component
at the identity, which can also be written
GL(N,C)/U(1) = R+ × PSL(N,C). (4.9)
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That the connected component at the identity, i.e. the maps Mˆ 7→ Y MˆY †, can be written
in the form (4.9) follows from the fact that every conjugation of this form can also be written as
Mˆ 7→ λZMˆZ†, with λ > 0 and detZ = 1. This subgroup is implementable because it consists of
linear isometries which can in principle be physically implemented according to the postulates
of quantum mechanics; on the other hand, the antilinear conjugations Mˆ 7→ Y MˆTY † (including
the antiunitary maps) cannot.
Lemma 4.9 is the analog of Lemma 3.1. The greater freedom of having different types leads
to a larger group R+ × PSL(N,C) which contains PUA(N) of Lemma 3.1 as a subgroup.
4.4 Relating full laboratories: emergence of the Lorentz group
As in Section 3, we can ask whether all local quantum physics of Alice’s and Bob’s laboratories14
can be related by a single finite-dimensional group element, in the more general setting that some
observables are universally measurable on several different quantum systems. Indeed, it turns
out that this is possible, as long as we make assumptions analogous to those in Subsection 3.3.
In Section 3, there was an encoding map ϕ(S) for every quantum system S; now, how-
ever, the encodings for equivalent systems are related to each other by conjugation according
to Lemma 4.4. Therefore, we have an encoding map ϕS for every equivalence class S. In-
stead of encoding quantum states, we can also encode observables by using a corresponding
map
(
ϕS
)†
. It is defined such that it yields the correct expectation values, tr(ρphysMˆphys) =
tr
(
ϕS(ρphys)
(
ϕS
)†
(Mˆphys)
)
. In contrast to Section 3, we now have ϕ 6= ϕ†; indeed, if ϕ(ρ) =
XρX† (with possibly a transpose on the ρ), then ϕ†(Mˆ) =
(
X†
)−1
MˆX−1 (with possibly a
transpose on the Mˆ). Nevertheless, we will in the following drop the † symbol, and simplify the
notation by using the symbol ϕS also for encodings of observables.
It is easy to see that an analogue of Lemma 3.3 remains true in the more general setting
of quantum systems of different types. To state it, we will say that an observable Mˆ can be
universally measured on two quantum system equivalence classes S and S′ if and only if there
are quantum systems S ∈ S and S′ ∈ S′ such that Mˆ can be universally measured on S and
S′. Since all quantum systems in a single equivalence class have all observables universally
measurable, this gives a way to relate the descriptions of observables on any quantum system
in S to those on any quantum system in S′.
Lemma 4.10. Suppose that a set of observables {Mˆi}i∈I is universally measurable on S and
S′, and that this set is tomographically complete on S′. That is, the outcome statistics of all
the Mˆi determine the physical state and type of any system S
′ ∈ S′ uniquely. Then there is
a protocol that allows Alice and Bob to agree on an encoding ϕS
′
by exchanging only classical
information, given that they already agree on an encoding ϕS. Similarly as in Lemma 3.3, the
map ϕS 7→ ϕS′ is continuous with respect to changes of ϕS that preserve the set of observables
which are universally measurable on S and S′.
Like Lemma 3.3, this result can be easily understood in terms of the communication scenario
depicted in Figure 1. Suppose Alice and Bob have agreed on a common encoding of states on
quantum system S. Then Alice can send Bob a classical request of the following form: “Please
send me the quantum state on a quantum system in equivalence class S′ which has the following
outcome eigenvalues [list of numbers] with the following probabilities [list of numbers] if it is
sent into the devices Mˆ1, . . . , Mˆn.” In this request, the devices Mˆi can be described by sending
the matrices Mˆi(S0), where S0 is any reference quantum system in S that Alice and Bob have
14Or at least the laboratory systems which are in a connected component of a universal measurability graph.
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agreed upon beforehand. From this, Bob will know what devices he should build, in accordance
with their agreement on how to encode S. We know from Lemma 4.6 that the eigenvalues of all
observables determine the type of the physical system S′ uniquely; tomographic completeness
means that the observables Mˆi are sufficient for this
15. The outcome probabilities will then
uniquely determine the quantum state of the corresponding type, which allows Bob to construct
the state and send it to Alice.
There is one subtlety in this protocol: if Alice describes the outcome eigenvalues classically,
then does Bob understand this message? After all, we have argued at the beginning of this
section that Alice and Bob may disagree on a description of physical scalars, for example if they
use different units. However, their agreement on the eigenvalues of Mˆi(S0) “sets a scale” and
fixes the corresponding physical unit.
The proof of Lemma 4.10 can be obtained by arguing in the Schro¨dinger picture, where
the devices Mˆi correspond to fixed observables Mˆi(S) resp. Mˆi(S
′), and states in S resp. S′ are
described by unnormalized density matrices. The proof of Lemma 3.3 can be copied word by
word, as long as every appearance of S is replaced by S (similarly for S′).
In an analogous manner, we can generalize Definition 3.4 and define universal measurability
graphs in this setting.
Assumptions 4.11 (Universal measurability graph). Consider the set of all finite-dimensional
equivalence classes of quantum systems S,S′,S′′, . . .; we regard them as vertices of a graph. Draw
a directed edge from S to S′ if and only if the situation of Lemma 4.10 holds, i.e. if there is
a set of observables {Mˆi}i∈I which is universally measurable on S and S′ and tomographically
complete on S′.
We assume that there exists a two-level system S that is a “root” of this graph, in the sense
that every vertex can be reached from S by following directed edges. Furthermore, we assume
that no quantum system with a partially preferred choice of encoding is a root of this graph.
It is unclear whether it is even possible that the smallest-dimensional root of the universal
measurability graph has dimension d = 3 or more.16 We leave it open whether one can show that
this is impossible, which would imply that the assumption of a “qubit root” can be dropped.
We can argue further along the lines of Subsection 3.3 if we keep our notation in the
Schro¨dinger picture. If ϕ is an arbitrary fixed encoding of the qubit equivalence class S, then
every other encoding ϕ˜ is related to this by a map of the form X •X† or X •T X†, with X an
invertible complex 2× 2-matrix. That is, for every encoding ϕS, there is some T ∈ PLA(2) (the
“projective linear antilinear group” of maps as above) such that ϕS = T ◦ ϕ. In this case, we
write ϕS = ϕST .
All further steps of the proof of Theorem 3.6 hold also in this more general case, if every
occurrence of PUA(2) is replaced by PLA(2) (and the reference to the special observables λ · 1
with λ ∈ R is removed), yielding that Gmin = PLA(2). Similarly as in the proof of Theorem 3.6,
we also have to “bundle together” those quantum systems S′ and S′′ which differ only by the
set of observables that are universally measurable on them and on S (if those sets are related by
conjugation and possibly transposition); Alice and Bob will then not be able to tell them apart by
sending classical information only. This is the subtlety that was mentioned in Assumptions 4.8.
15We leave it as an open problem here how large the set of Mˆi has to be to allow for this.
16This might be impossible for the following reason: if the universally measurable observables correspond to
the Lie algebra of the implementable symmetry group R+ × PSL(d,C), cf. Lemma 4.9 (in fact, we conjecture
this to follow from our postulates), then this could only be true if there were “enough” positivity-preserving (due
to (4.1)) Lie algebra representations in higher dimensions. For d = 2 this is shown to be possible in Lemma 4.2.
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A paradigmatic physical example would again be given by the polarization of photons in different
directions of propagation.
The group PLA(2) has a simpler description. First, every conjugation X • X† with X an
invertible complex matrix can also be written in the form λZ • Z†, with λ > 0 and detZ = 1.
Writing 2× 2 Hermitian matrices formally as 4-vectors, ρ =
(
x0 + x3 x1 − ix2
x1 + ix2 x0 − x3
)
, it is well-
known that the conjugation ρ 7→ ZρZ† acts like an element of the proper orthochronous Lorentz
group [5]. Furthermore, the transposition acts as a space inversion. Therefore, we obtain the
following:
Theorem 4.12. In the scenario above, the minimal group is the orthochronous Lorentz group,
together with a scaling factor, Gmin = R+ × O+(3, 1). The subgroup of implementable transfor-
mations is R+ × SO+(3, 1), the group of proper orthochronous Lorentz transformations, times a
scaling factor.
Furthermore, if S is the “root qubit” of Assumptions 4.11, and S′ any other quantum system
such that all observables of S are universally measurable on S and S′, then S′ carries a projective
representation of SO+(3, 1); the group elements act as isometries between different Hilbert spaces.
All other quantum systems S′ carry a projective representation of the subgroup of SO+(3, 1) which
preserves the observables that are universally measurable on S and S′.
In particular, we have again obtained the relation between Alice’s and Bob’s laboratories
from the relation between their qubit descriptions. In this regard qubits assume the role of
fundamental building blocks of their physical world.
It remains to briefly discuss how Alice and Bob can actually agree on the description of
qubits. A possible procedure is completely analogous to the one described in Section 3.2 for the
simpler scenario. As before, its temporal stability requires the inertial frame condition to hold.
The sole difference, however, is that Alice and Bob will also have to determine the type of the
qubits (in addition to the state).
In the following subsections, we discuss and interpret this result.
4.5 Interpretation of the minimal group: scaling and spacetime
If Alice and Bob reside in ‘distant’ laboratories, and have never met before to synchronize their
frames of reference, then their descriptions of local quantum physics will be related by an element
(λ, T ) of the group Gmin = R+ ×O+(3, 1), as we have learned in Theorem 4.12.
How can we interpret the scalar λ > 0? If we set T = 1 for a moment, and argue in the
Heisenberg picture, then Alice’s and Bob’s observables will be related by MˆA = λMˆB. This
means that if Alice and Bob measure Mˆ on the same physical state, then the probabilities of
the different measurement outcomes will be the same in both cases, but they will describe the
outcomes (which are physical quantities) differently: Bob will say that the possible outcomes
are m
(B)
1 , . . . ,m
(B)
N (the eigenvalues of MˆB), while Alice will assign the values of outcomes
m
(A)
1 = λm
(B)
1 , . . . ,m
(A)
N = λm
(B)
N .
This does not come as a great surprise because the condition (4.1), comparing sizes of mea-
surement outcomes, introduces a scale into the game on which Alice and Bob have to agree. But
the description of a scale requires units and Alice and Bob may adhere to different conventions
and thus use different units for the outcomes of observable Mˆ , like “kilometers” versus “miles”.
Due to (4.2), both Alice and Bob will agree on the case that the measured value is exactly zero,
but for all other values, there will be a scaling factor between their descriptions due to different
choices of units; this is the scalar λ > 0.
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Even if T 6= 1, then the form of Gmin as a direct product of groups ensures that there is
always a unique consistent way of assigning such a scaling factor between any two parties. That
is, Alice and Bob can split off a scalar factor λB→A such that the resulting transformation T
becomes a Lorentz transformation (which leads to λB→A = λ in the example above), and if Bob
and Charlie act likewise to obtain a factor λC→B, then we will have λC→BλB→A = λC→A, which
is the consistency condition that one would expect to hold in the case of differing choices of units.
Thus, in a world as described in this section, it is consistent for observers to interpret the relation
between laboratories in the following way: “The actual relation between any pair of laboratories
is given by a Lorentz transformation. Furthermore, parties can of course choose different units,
which gives an unimportant and physically irrelevant factor that relates the descriptions.”
So what about the Lorentz transformations T ∈ O+(3, 1)? It is tempting to interpret those
as spacetime transformations, and in the following subsection, we will show that they indeed
correspond to spacetime symmetries in the concrete example of relativistic Stern-Gerlach devices.
But is there any apriori reason to attach this interpretation to our abstractly obtained O+(3, 1)?
Arguments by Wald [5] suggest an affirmative answer to this question. The condition that
different observers residing in some spacetime should be able to translate their respective opera-
tional descriptions of physical systems (and, more generally, fields) into one another, requires the
isometries of this spacetime to have a representation on the set of states (classical or quantum)
of the physical theory defined on that spacetime. Therefore, if we look at the quantum transfor-
mations that relate different observers’ descriptions of physics, then this set of transformations
should contain a representation of the spacetime isometries. Consequently, if we assume that
there is some underlying spacetime, our result tells us that we should not be surprised to find
that this spacetime has a symmetry group which is related to O+(3, 1).
Of course, the present status of our thought experiment is not sufficient to permit Alice
and Bob to identify their ambient spatiotemporal structure uniquely as a Minkowski spacetime
(not even locally). After all, this would require a representation of the larger Poincare´ group
involving spacetime translations. Our present scheme is therefore, at this stage, still remote
from a successful operational spacetime reconstruction.
Nevertheless, the spacetime structure is ultimately encoded in the relations among the en-
tirety of observers contained in it (or, rather, it is the set of all those relations). Indeed, following
von Weizsa¨cker’s ideas [32], we may even reverse the present argumentation. One may argue
that the very operational definition of a spacetime symmetry is to translate between two equiv-
alent but distinct descriptions of the same physics, as long as these are descriptions of large
physical scenarios (full laboratories) given by distant observers. In this light, the extraction of
the Lorentz group from the informational relation of observers is at the very least suggestive of
a deeper connection of our communication game and the ambient spatiotemporal structure.
4.6 Relativistic Stern-Gerlach measurements
If our result really has a viable spacetime interpretation as suggested in the previous subsection,
then there should already be a concrete relativistic example in which observables (or states)
transform precisely as MˆB = X
† MˆAX between reference frames A and B, where X ∈ SL(2,C).
(We drop here the scaling factor λ ∈ R+ in (4.9) and Theorem 4.12 such that GL(2,C) is replaced
by SL(2,C).) Indeed, it turns out that a relativistic formulation of the Stern-Gerlach experiment
is of exactly this form, in the WKB-limit of the Dirac theory [6–8]. We shall only provide a brief
description of this example here.
We start with some formal considerations, and give an intuitive physical description in terms
of Stern-Gerlach devices further below. In the WKB approximation of the Dirac equation,
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one can derive a momentum-dependent inner product for SL(2,C)-spinorial qubits from the
Dirac current [6, 7] 〈ψ|φ〉p which is linear in the four-momentum pµ of the particle carrying
the qubit. In this way, one obtains Hilbert spaces Hp ' C2 with inner products which depend
on the four-momentum p ≡ pµ. The classical state of motion pµ thus represents the type of
the qubit as defined in Definition 4.5. The set of all inner products, and thus Hilbert spaces
Hp, is related linearly by the set of all spacetime Lorentz boosts, and is invariant under local
spatial rotations within the reference frame of a given particle. Spatial rotations, which are
represented by unitaries, preserve the momentum, which corresponds to the fact that unitary
conjugations preserve the type, cf. Definition 4.5. Boosts Λ act as isometries between Hilbert
spaces, Hp → HΛp, which corresponds to the fact that the matrices X are isometries as explained
in Observation 4.7. Thus, the formalism found in this work is identical to the formalism derived
from relativistic quantum mechanics in [6, 7].
In the WKB-limit, every observable on any Hp can be written as
Mˆ = Mµσˆ
µ,
where σµ is the Pauli-4-vector which acts as the operator, and Mµ is a classical Minkowski vector.
For instance, a relativistic spin operator arises naturally on each Hp from the Pauli-Lubanski
vector [6,7]. This classical treatment of the vector arises because we treat the different types of
qubits – and thus the corresponding momenta p – classically by construction. In particular, our
framework does not include superpositions of different types and thus, in this case, of different
states of motion.
But while different observers will employ the same representation of the Pauli-4-vector σˆµ,
they will agree on the description of Mµ only up to the Lorentz transformation Λ translating
between their inertial frames. One can check that this yields precisely
Λµ
νMν σˆ
µ = X†MµσˆµX, (4.10)
where X is the SL(2,C)-transformation corresponding to the Lorentz transformation Λ.
This allows us to consider concrete observables associated to a Stern-Gerlach device17. An
abstract spin operator (e.g. one of the Pauli matrices) alone is not suitable to describe the
different deviations that qubits in distinct states of motion experience when running through
the inhomogeneous magnetic field, as it does not involve a scale. By contrast, the gradient of
the magnetic field |BRFµ |, as seen in the rest frame of the particle, constitutes a vector
Gν :=
µ
m
∂ν
√
BRFξ B
ξ
RF
which accurately describes the different reactions to the Stern-Gerlach measurement (µ is the
magnetic moment and m the mass of the particle). It represents the four-acceleration that the
particle experiences due to the magnetic field. The corresponding operator Gˆ = Gµσˆ
µ can be
interpreted as a hybrid observable measuring the acceleration of the particle. It is a hybrid
observable because it contains a classical and a quantum part: the quantum part determines
the orientation relative to the magnetic field as usual, while the classical part translates this
information into a corresponding spacetime acceleration18.
17In fact, in order to accommodate all types, i.e., all classical states of motion pµ, within one universal device,
one needs to consider an idealized Stern-Gerlach device into which one can shoot particles from all directions and
measure the corresponding deviation and/or acceleration.
18Clearly, we are not quantizing the electromagnetic field here such that the operator Gˆ must be of such a
hybrid classical and quantum nature.
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3. SO(3,1)
S or S'
Call S and S' equivalent if all their observables are

(S,S')-co-measurable. Equivalence classes: S.
Same observable on different quantum systems S
Theorem: Then dim S=dim S', and 
invertible
Mˆ(S) = XMˆ(S0)TX†.
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Figure 7: Alice and Bob, being in different states of relative motion as seen by the injected qubits,
will measure the qubits’ acceleration according to different “screens of simultaneity” SA resp. SB, and
thus see different accelerations and deflections. Bob, having a non-vanishing component along the Stern-
Gerlach magnetic field direction, will see ‘spin up’ and ‘spin down’ qubits deflected asymmetrically. The
spacetime diagram on the right is drawn from Bob’s point of view, assuming that Alice is relative to the
qubit at rest.
But this Gˆ is seen differently by different observers. Since the four-acceleration is always
orthogonal to the four-momentum [19], pµGµ = 0, the acceleration is of the form G
RF = (0, ~G)
in the rest frame of the particle. As one can easily check, this implies that the eigenvalues of the
operator Gˆ = Gµ · σˆµ are ±|~G| in the rest frame of the particle, corresponding precisely to the
two opposite accelerations of the particles in opposite spin eigenstates. The expectation value
of GˆRF as seen from the qubit rest frame corresponds to the average acceleration experienced
by the qubit ensemble.
However, Alice and Bob, who observe the deflection of the qubits in the Stern-Gerlach
device from different states of motion (see Figure 7 for a schematic illustration), will see the
resulting acceleration differently, namely as proportional to Λν
µGRFµ , where Λ is the Lorentz
transformation between the qubit’s and Alice’s or Bob’s frame. Thus, Alice and Bob will see
the qubit acceleration in the form GA,B = (GA,B0 ,
~GA,B), i.e. not in general as a four-vector
with only spatial components. And this is precisely expressed by the transformation (4.10),
GˆRF 7→ GˆA,B = X†GˆRFX, which, as can be verified easily, entails the transformed asymmetric
eigenvalues GA,B0 ±|~GA,B| as seen by Alice or Bob. But these two eigenvalues uniquely determine
the acceleration as seen by either Alice or Bob.
The asymmetry corresponds to the fact that the surfaces of simultaneity will be different for
Alice, Bob and the qubits. For instance, if Bob’s state of motion has non-zero components in
the direction of the qubit deflection, one can convince oneself that this necessarily implies that
Bob will see the deflection of the qubits asymmetrically. In this setup, one should not think of a
Stern-Gerlach device as having a fixed material screen that is hit by the particles after they pass
the magnetic field, but of every obs rver tracking the particle’s deflection on his own imagined
“screen of simultaneity”.
Finally, we note that the change of normalization (or non-unitarity of transformations) be-
tween different observers corresponds to the fact that what is a purely spatial rotation to one may
be seen as a combination of boost and rotation by another. For example, a rotation R ∈ SO(3)
of the acceleration Gµ within the rest frame of the particle amounts to G
RF 7→ G′RF = (0, R · ~G)
which does not affect the eigenvalues ±|~G|. However, if Alice and Bob move relative to the
qubits, this transformation will not appear to them as GA,B 7→ G′A,B = (GA,B0 , R · ~GA,B) be-
cause of relativity of simultaneity. Thus, the eigenvalues of the corresponding operator will not
be preserved for Alice and Bob under this transformation. Consequently, what appears as a
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norm or eigenvalue preserving transformation to one reference frame may constitute a norm and
eigenvalue changing transformation for another.
The unusual ‘non-unitary’ behaviour and the multitude of Hilbert spaces is a consequence
of the classical treatment of the type (i.e., state of motion) of the qubit. Nevertheless, within
this framework, everything is consistent and has a clear physical interpretation within a mean-
ingful physical approximation, namely the WKB limit of the Dirac theory. Clearly, for a more
fundamental treatment, one would have to consider more sophisticated quantum field theoretic
tools where all ‘types’ of systems can be accommodated within one infinite-dimensional Hilbert
(or Fock) space. However, the symmetry group does not change under the approximation.
4.7 Are these results incompatible with a Galilean symmetric world?
The short answer is: No. None of our assumptions in Definition 4.1 (in particular assump-
tions (4.1) and (4.2)) are in themselves inconsistent with a non-relativistic Galilean universe.
However, the details of the answer to this question depend very much on the precise assumptions
one is willing to make about the relation between our communication scenario and spacetime,
leaving the following two possible hypotheses:
1. There is no relation between the background spacetime (about which we have not made any
specific assumptions) and the quantum states we are describing. Then, by definition, the
thought experiment cannot say anything about spacetime at all. In this case, a Galilean
world (and, in fact, any kind of spacetime) would be consistent with our axioms, and the
boost part of our Lorentz group would not represent spacetime boosts.
2. There is actually a relation between the Lorentz group acting on quantum states, obtained
in our derivation, and spacetime transformations. Then, if spacetime was Galilean in the
Stern-Gerlach example, all inertial observers would agree on the magnitude of the three-
acceleration such that an asymmetric deflection of wave packets as in Section 4.6 would
not occur. But in this case, a measurement of the acceleration would constitute additional
input for Alice and Bob to facilitate their agreement on the description of their quantum
states. This would violate Assumptions 4.11 by supplementing every quantum system with
a partially preferred choice of encoding, bringing us back into the setting of Section 3, and
yielding O(3) as the symmetry group.
Given the discussion in Subsection 4.5, and in particular the fact that our abstract assump-
tions are realized via relativistic Stern-Gerlach devices in the WKB approximation as shown
in Subsection 4.6, we think that there must be some grain of truth to possibility 2. However,
from the approach in this paper, we clearly cannot give any conclusive argument as to why
the abstractly derived group O+(3, 1) must be the spacetime symmetry group, unless we make
additional assumptions. The question what would happen in a Galilean background, or some
background spacetime of different structure and dimension, warrants further research. The
answer to this question will surely depend on the detailed assumptions one makes about how
spacetime interacts with the quantum states in our thought experiment.
5 Summary and conclusions
We have shown that the Lorentz transformations emerge naturally in an information-theoretic
scenario where two agents in distinct laboratories try to synchronize their descriptions of local
quantum physics. The success of synchronization is formally tested in a “game”, where Alice
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sends a classical description, and Bob is supposed to send back the physical system that was
described. Our derivation does not assume any specific properties or even the existence of an
underlying spacetime manifold (except for very basic assumptions like the possibility to send
systems between observers, or a time order in the local laboratories); instead, the reference frame
transformations arise purely from the communication relations among observers as that minimal
group which allows them to “win” their synchronization game. But it rests on some physical
background assumptions. Most importantly, our result relies on the existence of devices that
measure different types of quantum systems universally, while satisfying physically meaningful
consistency conditions on the physical measurement outcomes.
One possible intuitive understanding of our result is as follows. If we have “many” observ-
ables on a qubit which can be “universally measured” on many other quantum systems (as
formalized in the “graph of universal measurability”, cf. Figure 4), then this allows us to lift any
description of qubit states to a description of all quantum systems. This promotes the symme-
try group of the qubit to the full symmetry group that relates different observers’ descriptions
of quantum physics. This highlights the role of qubits as fundamental informational building
blocks in physics – in line with their importance in reconstructions of quantum theory [23–29].
In the simplified case of stand-alone abstract quantum systems, this yields the orthogonal group
O(3); in the more realistic case where we take into account that measurement outcomes on
quantum systems actually have a “size” that can be compared and carry a scale, this yields the
orthochronous Lorentz group O+(3, 1). The resulting formalism correctly describes relativistic
Stern-Gerlach measurements [7].
Our result raises several interesting questions. Is there a more direct operational interpre-
tation of the Lorentz transformations, acting on quantum observables, in terms of relativistic
effects like time dilation etc. without assuming special relativity in the first place? What if
we have a specific quantum field theory in more than 3 + 1 dimensions – do our operational
assumptions or conclusions still apply to observers in such a universe? Is this approach suitable
for information-theoretic descriptions of other geometric properties like curvature? Finally, can
one conceive of an informational spacetime reconstruction or characterization? For instance,
what are the precise information-theoretic conditions from which local observers can infer the
existence of a spatiotemporal structure described by Minkowski space?
Our operational approach and “inside point of view” on spacetime are in spirit close to
Einstein’s original belief, viewing relations among observers as a primary and spacetime as a
secondary concept. Namely, the latter is regarded as “the set of all possible observer relations”
rather than an observer independent geometric entity. This view is also compatible with a re-
cently developed geometric formulation of special and general relativity in terms of an observer
space which highlights the observers’ relations as fundamental [21]. The question then arises how
far we can push this kind of reasoning towards a deeper information-theoretic understanding
of spacetime. Specifically, it is often stated that quantum theory and general relativity, apart
from their apparent conceptual conflicts, are formulated in very different languages – functional
analysis vs. geometry. Given the informational character of many structures in quantum theory
(as exploited in quantum information theory) and general relativity (as embodied in the causal
structure), one might wonder whether information theory can provide a common language for
both, preparing the grounds for merging the two theories in a more general informational frame-
work. In this context, the present paper is supposed to provide a first step towards a novel
information-theoretic perspective on spacetime physics: it shows that there is more than just
peaceful coexistence [41] between quantum theory and relativity. Instead, the structure of one
of these theories tightly constrains the structure of the other.
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